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- Abstract—In this paper, we investigate methods for optimal morpholog-
30 ical pattern recognition. The task of optimal pattern recognition is posed as
a solution to a hypothesis testing problem. A minimum probability of error
e 2 decision rule—maximum a posteriori filte—is sought. The classical solu-
z ---0-- ideal decoding cune tion to the minimum probability of error hypothesis testing problem, inthe
o 24 ) ) presence of independent and identically distributed noise degradation, is
00— conventional decoding provided by template matching (TM). A modification of this task, seeking a
21 —a— 0.B.D(one-buffer-decoding) solution to the minimum proba_bility qferror hypothesi;testing prob_lem, in
the presence of composite (mixed) independent and identically distributed
18 ¢— proposed method noise degradation, is demonstrated to be given by weighted composite tem-
--®--- O.B.D + proposed method plate matching (WCTM). As a consequence of our investigation, the rela-
15 7 T T T T T T T tionship of the order-statistics filter (OSF) and TM—in both the standard
1 2 3 4 5 6 7 8 9 as well as the weighted and composite implementations—is established.
lteration This relationship is based on the thresholded cross-correlation represen-

tation of the OSF. The optimal order and weights of the OSF for pattern
recognition are subsequently derived. An additional outcome of this repre-
(b) boat sentation is a fast method for the implementation of the OSF.

Index Terms—Morphological filters, order-statistics filters, pattern
Fig. 5. Convergence graph in decoding (a) Lena and (b) boat images. Peggepgnition, template matching.
image is used as the initial image for one-buffer-decoding [5] and conventional
decoding. The output image of the first stage is used as the initial image in the

proposed method. |. INTRODUCTION

Morphological filters have been used extensively in various signal
Besides, the proposed method can be generally applied to the varigyg image processing applications over the past decade [2], [5]. Their
compression approaches because no constraints are imposed on th@fiflence has been particularly significant in image enhancement and
coding procedure. restoration as well as image compression and communication. A sim-
ilar impact of morphological filters on pattern recognition, however,
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the location of the degraded version of a shifted template. A standard
approach to this problem is based on template matching (TM)—the
maxima of the cross-correlation of the image and the template [1].
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question: Does this relationship extend to the OSF and TM in the 2) Median Filter:

presence of arbitrary degradation? [med(f;w)] (x) = (W +1/2)"OSF(f;w)] (x);
A mild variation of the template matching problem is provided by 3) Morphological Erosion:
the composite template—a template of the interior and exterior of [f ©w](x) = [WPOSF(f;w)] (x);

the object. The corresponding modification of TM yields compositghereW is odd.
template matching (CTM)—the maxima of the cross-correlation of
the image and the composite template [1]. A similar modificatio Thresholded Cross-Correlation Representation
of the OSF is used to represent the composite order-statistics filter . L ) .
(COSF). Once again, we observe that CTM is identical to the maximal ' '€ Principle motivation in our representation of the WOSF is based
COSF—hit-or-miss transform—in the absence of any degradation [4] its decon_wposmon into efflcu_ent nonlinear and I|_near operatlo_ns. This
The essential question posed earlier remains: Does this relations} Bresentatlon_ has the potgntlal of tremendous'lm_provement in the ef-
extend to the COSF and CTM in the presence of arbitrary degradati jHEncy of the |mp|ementat|qn of the WOSF. A similar notion has also
An important aspect of our investigation is focused on the optime pen pre_sented_ by several mvestlgat(_)rs fo_r the representation of var-
implementation of morphological filters in template matching. It i£0US nonlinear filters, e.g., morphological dilation [9], OSF [6], [11],
well known that TM provides the maximumposteriorifilter for the 2], h|F-or-m|ss transform [11], rgnk hit-or-miss transform [11], mor-
template matching problem in the presence of independent and idBHQIOg'CaI skeleton [6], and sorting [12]. .
tically distributed noise degradation [1]. In view of the extension of Thethresholdi.,, (x) of the scalaw by the thresholdy is given by
the OSF and TM to the composite template matching problem we may
ponder: Can a weighted version of CTM provide the maxinaupos- o (2) = { 1, z> m;_ @)
teriori filter for the template matching problem in the presence of com- 0, otherwise.
posite (mixed) independent and identically distributed noise degrada-
tion? Is the relationship of the weighted version of the OSF and TM—in Let us uséfi © f2] (¢) to denote theross-correlatiorof the images
both the standard and the composite implementations—preservedit) and f.(x)[7].
the presence of arbitrary degradation? It can be easily shown that the WOSR'""WOSF(f;w)] () of
In this paper, we investigate methods for optimal morphological pate binary imagef («) with respect to the weight (x) is given by
tern recognition. As we shall demonstrate throughout our investigation,
an affirmative response is presented to all of the questions posed in our [mmW()SF(f: W)] () = ko ([f @ w] () 3)
discussion above. As a consequence of our investigation, the relation- '
ship of the OSF and TM—in both the standard as well as the weighted ,
and composite implementations—is established. This relationship/@ everyz € 2", and for everym = 1,2, .-, .
based on the thresholded cross-correlation representation of the OSFet us use¥[] to denote the Fourier transform operator [3]. The
The optimal order and weights of the OSF for pattern recognition ar@urier transforms”(w) andiV(w) of the |[nagef(,r) and the weight
subsequently derived. An additional outcome of this representatiorfi§®) are given byF (w) = F[f(x)] andW (w) = Flw(x)], respec-

a fast method for the implementation of the OSF. tively. ) _ ,
An alternative representation of the WOBF "W OS F(f; w)] (x)

Il. WEIGHTED ORDER-STATISTICS FILTERS (WOSF) of the binary imagef () with respect to the weight (=) is given by
In this section, we investigate the problem of optimal template B OSE( £ u) (2) = b (F=F(w) - W (w 4
matching in the presence of independent and identically distributed [m (f;w0)] (2) = h(F ' [F(w) W) @

noise degradation. ‘
for everyx € Z", and for everym = 1,2,---. W, whereW™(w)

A. Definition denotes the complex-conjugatedf(w).

The thresholded cross-correlation representation can consequently
be used to provide an efficient implementation of the WOSF. This im-
plementation relies on efficient methods for the implementation of the
Fourier transform (and its inverse) based on the FFT [3].

Let us consider a binary imag&«) € {0, 1}, for everyx € 2™,
Theweightw(2) is used to denote a gray-level imagér) € A, for
everyr € Z".

The m'  weighted order-statistics filter (WOSF)
[mthWOigF(f;"").](m? of the binary imagef(x) with respect C. Optimal Morphological Pattern Recognition: TM
to the weightw(z) is given by

The task of optimal template matching in the presence of indepen-

[m"" WOSF(f;w)] (x) dent and identically distributed noise degradation is posed as a solution
= [mfh()S([f(,r +y)xw(y):y € 2" (1) toa hypothesis testing problem.
Let us consider a binary imagéx) corresponding to the shifted ver-
for everyx € 2", and for everym = 1,2,---,W, whereW = sjon of the binary template(z) corrupted by a Bernoulli point process
Yeezn w(w). B(p) that preserves the original value of the image with probahility

Them'" order-statistics filter(OSF) [m'*OSF(f;w)] (x) of the fori = 0,1[8].
binary imagef («) with respect to the weighi>(x) is an important  The hypothese®,(y) and H, (y) are given by
special case of the WOS"*WOSF(f;w)] (), where a binary
image is used for the weight(z) € {0,1}, for everyz € 2" .1 Holy): f() = to(z — y) + n(x)
The following are some examples of the OSF: o SO o 5
1) Morphological Dilation: 1) fl@) =t —y)+n(r) )
[f & w](z) = [1"OSF(f;w)] (x);
wheren(z) ~ B(p), for everyx € Z", and for everyy € Z".
1The binary image represented by the weight) € {0, 1} is often referred
to as thestructuring elementor thewindow) [2], [5]. 2Some traces of this idea can also be found in [4].
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The optimality criteria used is the minimum probability of error deA. Definition

cision ruled( f)—maximuma posteriorifilter—given by Let us consider a vectdf: k = 1,2, ---, N] of scalarsfy, k =

1,2,---, N. Assume (without loss of generality) that < fo <--- <

d(f) = arg max p(ti(x —y)/f(x)) (6) fn. Them®™ order-statisticOS) [m**OS([fi: k = 1,2,+++, N])]

41 of the vector{f: k = 1,2,---, N] is given by[m' " OS([fs: k =
2,--+,N])] = fm, foreverym =1,2,---, N.
Let us consider a binary imag&z) € {—1,+1}, for everyz €
_Let us assume that the hypothes’é@(y) and H, (y) have equal é C'|e-[]z(:em;;gev\\,l:;?mal;é;)(}gncéei,tfe;r?;,Xie (I?a?t?(\f) fg:ee\ljesri/d
priors; i.e..p(to(x — y)) = p(ti(e — y)), foreveryy € 2", and o 5n Thereplication[ f«w; (x)] of the scalayf by the weightu; ()
fori = 0, 1. Let us also assume (without loss of generality) that thig given by[f  w:(2)] = [f1. for+ -+ fu.(x))- fOr everyz € 2" and
probabilityp of the Bernoulli point procesS(p) is such thap > 1/2.3 ¢ ="~ 1.9, TR e ’

1,
wherep(t;(x — y)/f(x)) is used to denote the posterior conditional ’
density function [10].

The m* weighted composite order-statistics filtgdkVCOSF)

It can be easily shown that the solution of the hypothesis testir[17glthWCOSF(f_ W ) : : N
. . o . , ;w1 w2)] («) of the binary imagef («) with respect
problem posed is equivalent to the minimurmorm error estimate, to the weightsu; () andws (x) is given by

i.e.,
. ("W COSF(f;wi;ws)] (x)
d(f) = arg 1[1[11;]1 GZZ [f(z) = ti(x — y)[" ) = [m™"OS([f(x+y) *wi(y);
\ —fle+y)xway)y € 2"])] 9)

for everyk > 0.4

Let us now assume that the energy of the binary templates,
i = 0,1, is constant; i.e.E = S,czn t?(x), fori = 0, 1.

The classical solution to the least-squares error estifitate 2) is
provided bytemplate matchingTM) [T M (f;t:)] (v) given by

for everyx € Z", and for everym = —-W,--.,-1,0,1,---. W,
whereW = X, czn wi(x) + wa(x).

The m'  composite  order-statistics filter (COSF)
[mt*"COSF(f;w1;ws)] (x) of the binary imagef (=) with respect
to the weightsw: (z) andw2 () is an important special case of the
) WCOSF [m'""WCOSF(f;wi;ws2)](z), where binary images

[TM(F;t)] () = ha([f @ ] (y)) ®)  are used for the weights: () € {0,1} andw.(z) € {0,1}, for

everyr € Z"5 6
whereM = max{[f ® ;] (y): y € 2";i = 0,1}, foreveryy € 2", A well known example of the COSF is thdit-or-miss
and fori = 0,1 [7]. transform [f @ (wis;we)](z) given by [f © (wijw.)](z) =

Itis important to note that the maxima of the cross-correldtfon  [W'"*COSF(f;w:;w2)] (x), for everyz € 2.7
t;] (y) of the imagef (x) and the template () is attained if and only
if f(z) = at;(x —y), for any scalar, and fori = 0,1 [7]. B. Thresholded Weighted Cross-Correlation Representation

As a result of our discussion, we observe that [V ( f;¢;)] (v)
provides the solution to the minimum probability of error—maximaim
posteriori—hypothesis testing problem, in the presence of independ
and identically distributed noise degradation.

We shall again initiate our investigation by providing the thresholded
weighted cross-correlation representation of the WCOSF.
ent1’hethresho|dhm(ac) of the scalar: by the thresholdn is given by

_ -
hm () = {+17 x> m; o

D. Optimal Morphological Pattern Recognition: OSF —1, otherwise.

The introduction of the WOSF had been motivated by its potential Thecomposite weight () of the weightsu, (x) andw- () is given
application in the template matching problem. Our attention shall nayy w () = w, (z) — w=(z), for everys € 2.
focus on the characterization of the optimal order and weights of thejt can be easily shown that the WCOSF
WOSF for template matching. [m™"WCOSF(f;w;ws)](x) of the binary image f(z) with
From the discussion in the previous sections, we observe that Tikpect to the weights, (x) andw. (z) is given by
[TM(f:t:)] (y) is equivalent to the OS " O S F( f; )] (x), where " _
w(x) = ti(x) andm = max{[f ©® @](y): y € Z";i = 0,1}, for [m""WCOSF(f;wi;w2)](z) = hm([f ® w] (x)) (12)
i = 0,1 [see (3) and (8)].

A ) diat f this relationshi b tLor everyx € Z", and for everyn = -W,--.,—-1,0,1,---, W.
s an immediate consequence of this relationship, we observe he = coresponding representaton of the WCOSF

A th C (- i i ini . . . .
Drababilty of eror_maxmuma_ posteron_typothess.testing |7V COSF(f: wiiua))(+) of the binary image /(x) wit
problem, in the presence of independent and identically distributtre‘%ispect to the weights, () andws () is given by

noise degradation. "W COSF(fiwyiws)] () = hn(FHF(w) - W (w)])

12)
Ill. W EIGHTED COMPOSITEORDER-STATISTICS FILTERS (WCOSF)
. . . . . for everyx € Z", and for everyn = -W,---, -1,0,1,---, W.

In this section, we investigate the problem of optimal template
matching in the presence of composite (mixed) independent andThe binaryimages represented by the interior and exterior weights;) €
identically distributed noise degradation. {0,1} andw(x) € {0,1}, are often referred to as theterior andexterior

structuring elementévindows and [2], [5].

3This assumption imposes no restriction since its satisfaction is guaranteefThe COSF is also referred to as ttaak hit-or-miss transformgL1].
by the degraded binary imagx) or its complement. "Thegeneric shape recognition transfoff@S R( f; t; w)] (=) of the binary

4The result presented is obtained by a generalization of the derivation of iheage f(x) with respect to the binary templatér) and the binary window
equivalence of the hypothesis testing problem posed and the least-absolute es(ar), such that(z) < w(x), is a special case of the hit-or-miss transform,
estimate(k = 1) in [1]. given by[GSR(f;t; w)] (z) = [f @ (t; w — t)] (x), for everyz € Z™ [4].
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According to the rationale provided earlier in our presentation, wality of error—maximuma posteriori—hypothesis testing problem,
observe that the thresholded weighted cross-correlation representaitiothe presence of composite (mixed) independent and identically
can be used for the efficient implementation of the WCOSF. An exlistributed noise degradation.
tension of the conclusions presented based on the computer simulation
experiments can be used to determine that the resulting improvemgntoptimal Morphological Pattern Recognition: WCOSF

in the computational efficiency of the proposed implementation of the . _— . . .
COSF rises as the cardinality of the interior and exterior structuring ?I-The mvestlga_tlon of the optimal |mplementat|0r1 of the WCOSF for
ements increasés emplate matching shall be the focus of the remainder of our presenta-

tion. We provide a characterization of the optimal order and weights of

C. Optimal Morphological Pattern Recognition: WCTM the WCOSF for template matching. _
From the discussion in the previous sections, we observe

A modification of the optimal template matching in the presence @f:  wWcTM [WCTM(f;ti;w)](y) is equivalent to the
composite (mixed) independent and identically distributed noise degigcosk [mthWCOSF(f; W W2)](z), where in(z) =
dation is posed as a solution to a hypothesis testing problem. log(p1/1 — p1)ho(t:(x)) andiis(z) = log(1)2/1 — p2)ho(—ti(x)),

Let us consider a binary imagé(x) € {-—1,+1} corresponding gnq . = max{[f © @](y):y € 2" i = 0,1}, and @ (x) =
to the shifted version of the binary templater) € {—1,+1} €Or- . () — 4, (), fori = 0,1 (see (11) and (16}P
rupted by a composite (mixed) Bernoulli point proc&&s: , p») that This relétionship : implies that the WCOSFE
preserves the original value of the image in the interior of the templq‘;guz WCOSF(f;41,12)] () provides the solution to the minimum
with probabilityp, and preserves the original value of the image in thg, o apility of error—maximuma posteriori—hypothesis testing

exterior of the template with probabiligy,. fori = 0, 1 [8]. problem, in the presence of composite (mixed) independent and
The hypothese#/y(y) andH.(y) are given by identically distributed noise degradation.

Holy): f(2) = tolx — y) +n(a)

Hi(y): f(x)=ti(x—y)+n(x) (13) IV. SUMMARY
wheren () ~ B(p1,p2), for everyx € Z*, and for every € Z". In this paper, we investigated methods for the implementation
The optimality criteria remains the minimum probability of erroiof morphological filters in template matching. The relationship of
decision ruled( f)—maximuma posteriorifilter—given by the OSF and TM—in both the standard as well as the weighted and
composite implementations—had been established. This relationship
d(f) = arg ey pti(x —y)/f(x)) (14) s based on the thresholded cross-correlation representation of the

aj)SF. As an outcome of this representation, a fast method for the
implementation of the OSF is provided. The optimality of TM as the
solution to the minimum probability of error—maximuen poste-
riori—hypothesis testing problem was presented. This presentation
was subsequently used to provide the characterization of the optimal
rder and weights of the OSF in template matching. The resulting OSF
%d been demonstrated to be identical to TM and consequently yields
the optimal solution to the minimum probability of error—maximam
posteriori—hypothesis testing problem. These results were presented
d(f) = arg I[Ilu;}l > w@—y)lf(x)—ti(x—y)"  (15) for the implementation of the OSF and TM in template matching

wherep(t;(x — y)/f(x)) is used to denote the posterior condition
density function [10].

Let us assume that the hypothedés(y) and H,(y) have equal
priors, i.e.,p(to(x — y)) = p(ti(x — y)), for everyy € 2", and
fori = 0,1.

It can be easily shown that the solution of the hypothesis testi
problem posed is equivalent to the weighted minimk#morm error
estimate, i.e.,

T€E™ in the presence of independent and identically distributed noise
wherew () =log(p1 /1—p1)ho(ti () +log(p2/1—p2)ho(—t:(x)), degradation. A modification of these results has also been derived for
for everyz € Z", and for everyk > 0. the implementation of the WCOSF and WCTM in template matching

Let us now assume that the weighted energy of the binary templateshe presence of composite (mixed) independent and identically
t:(x),i =0,1,isconstant;i.e £y = S,cz» w(x)ti(x),fori = 0,1. distributed noise degradation.
We shall also assume that the weighted energy of the binary ifitage

is constant; i.e.E_/“ =Y,ezn ’UJ(;I? - y)f2 (;l'), foreveryy € 2" .9 REFERENCES
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Examples of Bivariate Nonseparable Compactly Supported
Orthonormal Continuous Wavelets

Abstract—\We give many examples of bivariate nonseparable compactly 1l. CONSTRUCTION OFSCALING FUNCTIONS AND WAVELETS
supported orthonormal wavelets whose scaling functions are supported

over [0, 3] x [0, 3]. The Halder continuity properties of these wavelets are  Rewritemo(wi,wz2) asm(z,y) = So<j<po<i<q c;ptdyn, with

studied. x = ¢™1andy = ¢™“2, Also write m(x,y) in its polyphase form:
Index Terms—Compact support, continuous, nonseparable, or- m(z,y) = fo(2>,y°) + sfi(2”, ) + yf2(2°.y°) + 2y fa(2”. y?).
thonormal, wavelet. It is well-known that a polynomiat: satisfying 2 is equivalent to
[fol* + 1£1]° + |2 + | f5]” = 2. 1)
|. INTRODUCTION

From now on, we only consider= ¢ = 3. Thus, we writef,, (z,y) =

Univariate wavelets have found successful applications in signal pg; + v, 2 + ¢,y + d, zy, v =0, 1, 2, 3. We now present one of the main
cessing since wavelet expansions are more appropriate than conygsults in this paper.
tional Fourier series to represent the abrupt changes in nonstationaryheorem 2.1.: Let
signals. To apply wavelet methods to digital image processing, we have (1+2)(1+y
to construct vibariate wavelets. The most commonly used method is™(z,y) = 16 '
the tensor product of univariate wavelets. This construction leads to 2, 2 ) 2 2 2 2

. X o . + azoz” + a2y + ar2xy” + azex’y” + ao2y’)

a separable wavelet which has a disadvantage of giving a particular
importance to the horizontal and vertical directions. Much effort (cf., @)
e.g., [1]-{3]) has been spent on constructing nonseparable bivarighg,
wavelets. In this paper, we construct vibariate nonseparable compactly
supported orthonormal wavelets based on the commonly used uniform @oo =1 + V2(cos a + cos 3) + 2 cos f cos

dilation matrix [3 S] Let alg = ﬁ(sin a —cosa) —2cosfcos€ + 2cosfsin &
g1 = \/i(sin B —cosf3) —2cosbcos 4 2sinf cosn

)(aoo + aiox + aony + anzy

Mmo(w) 1= mo(wy, ws) = Z ¢k exp(i(jwr + kwy))

a11 =2(cos b cos € + sin b sinn — cos sin £ — sin 6 cos n)
0<j<p,0<k<q

as =1+ \/i(cos B —sina) —2cosfsin

be a trigonometric polynomial. We will construet, which satisfies dow =1+ \/§(cos o — sin 3) — 2sin 6 cos n

the following requirements: 1 mq(0,0) = 1; 2°: S?zo |mo(w +

)7 = Lwith m = (0,0), 7 = (7,0) 72 = (0,7), andms = az = \/i(sinﬂ —cosf3) —2sinfsinny + 2cosfsin €
(m, 7). Leto(w) = 152, mo(w/2%) be generated byo. Then T im- a12 =V2(sina — cosa) — 2sin f siny + 2sin f cos 7y
plies the convergence of this infinite product and hepéga well-de- Aoy =1 — ﬁ(sina + sin 3) + 2 sin 8 sin . A3)

fined continuous function.“2mplies¢ € L,(R?). Thus,¢ € Ly(R?) o . . .
by Plancheral’s Theorem. For a fixed ordering which maps bi-intdhen,m(z,y) satisfies 2if «, 3.6, £, 3 satisfy the following:
gers (0, 0 (j, k) < (p, ¢) into positive integerg1,2,---, N} with 9 05 .
N=(p+1)(g+1),let A be amatrix of sizeV x N with entries cosflcos & + cosfsin &+ sin f cos

+ sinésinn = 2sin (a + g) sin (ﬁ + %) . (4)

Ay kgitr e =4 E Cj1.d2C(51,d2)+ (k1 ko) —2(L1,L2)
J1.J2

Proof: Itis straightforward to verify thafo, f1, f> andfs satisfy
(2) if and only if
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