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A Fast Thresholded Linear Convolution 
Representation of Morphological Operations 

Branislav KisaEanin and Dan Schonfeld 

Abstract-In this correspondence, we present a fast thresholded linear 
convolution representation of morphological operations. The thresholded 
linear convolution representation of dilation and erosion is first proposed. 
A comparison of the efficiency of the direct implementation of morpho- 
logical operations and the thresholded linear convolution representation 
of morphological operations is subsequently conducted. 

I. INTRODUCTION 
In recent years, mathematical morphology has emerged as a 

powerful new tool for image processing [1]-[5]. An important 
example of morphological operations is provided by the dilation and 
erosion. I t  has been shown that the dilation and erosion can be used 
for the representation of all morphological operations [ I ] .  

The practical utility of mathematical morphology is often depen- 
dent on the existence of efficient methods for the implementation of 
morphological operations. An efficient implementation of the dilation 
and erosion is thus fundamental to the efficient implementation of 
morphological operations. 

A tremendous effort has been directed at the efficient implementa- 
tion of morphological operations [6]-[ 1 l]. Numerous approaches to 
the parallel implementation of morphological operations have been 
proposed [6]-[9]. Several methods for the decomposition of (large) 
structuring elements have also been proposed [ IO] ,  [ 111. Nonetheless, 
an improvement in the efficient implementation of morphological 
operations would significantly enhance its practical utility. 

In this correspondence, we present a fast thresholded linear con- 
volution representation of morphological operations. In Section 11, 
the basic definitions of the dilation and erosion are introduced. 
In Section 111, the thresholded linear convolution representation 
of dilation and erosion is proposed. In Section IV, a comparison 
of the efficiency of the direct implementation of morphological 
operations and the thresholded linear convolution representation of 
morphological operations is conducted. Finally, in Section V. we 
provide a brief summary and discussion of our results. 

11. MATHEMATICAL MORPHOLOGY 

In this section, we introduce the basic definitions of the dilation 
and erosion. For a more comprehensive presentation of mathematical 
morphology, refer to [1]-[5]. 

In this presentation, we shall restrict ourselves to 1 )  -dimensional 
discrete and binary functions, i.e., { f ( . r )  E (0,l)  : s E 2"}. The 
dilation [f ' I '  .s](.r) of a function f ( . r )  by a structuring element ~ s ( . r j  
is given by 
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whereas the rrosion [f 1 

element s ( . r ;  is given by 
s](a.) of a function f ( ~ )  by a structuring 

[f' s] ( . I . j=  n f ( . r  - !/). (2) 
{ y t z l "  < ( y J = I }  

It is important to notice that the dilation and erosion are equivalent 
to the Minkowski addition and subtraction, respectively [ 1 ]-[5]. '  

The compiemenr f ' ( . r )  of a function f ( . r )  is given by f' ( . r )  = 
1 - f ( . r ) ,  for every .I' E 2". 

Property (Duality): 

[f .f .SI(./.) = ([f' , . s ] ( . r ) ) ' :  ( 3 )  
and 

From the duality property, we observe that the representation of 
the dilation I S  equivalent to the representation of the erosion (and 
vice versa). 

111. THRESHOLDED LINEAR CONVOLUTION 

In this seclion, we propose the threshold linear convolution repre- 

The rhreshold h , ( . )  by T E R is given by 
sentation of dilation and erosion. 

0. .I' 5 I- { 1. ./' > T: / I r  ( ./. ) = 

for every s E 'R. 

is given by 
The linear convolution [ f l  * f 2 ] ( . r )  of functions f l  ( . r )  and f~(.r) 

[ f l  * f21(.r) = [ f I ( , r  - Y ) .  f 2 ( ~ ) 1  (6) 
y E Z "  

for every .r E 2" [ 121. 

convolution representation of the dilation. 
In the following proposition, we provide a thresholded linear 

Proposition 1 : 

[f $ 1 ,  s ] ( . r j  = h r ( [ f  * s ] ( . r ) )  (7) 

for every O 5 T < 1. 
Pruoj? From (1) .  ( 5 ) ,  and (6), we observe that 

[ j  ' I ' .s](.r j  = U f ( . r  - Y j  
{ y E 2? " ' . \ I  y )= I } 

= U [fc.r - ! I )  n .S(Y~I 

= U [f(./.  - Y )  n .s(u)] 

{ y , E Z n  * ( y ) = l }  

$,E z 71 

= h , ( [ f  * .4(,r,) .  

This completes the proof. 0 
In the following proposition, we provide a thresholded linear 

convolution representation of the erosion. 

(resp., subtraction) by the symmetric of the structuring element [ I]-[5]. 
'Often, the dilation (resp., erosion) is defined as the Minkowski addition 
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Proposition 2: 

for every 0 5 T < 1. 
Proofi From (2), ( S ) ,  and (6), we observe that 

[f 1 3 SI(..) = n f(.. - y )  
{ Y € l  r ( y ) = l }  
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Fig. I .  Comparison of the CPU-time required for the dilation of a binary 
image of size 256 x 256 by a structuring element of size 2 k  x 2 k ,  for 
0 5 k 5 6 (using a MATLAB 4.0 software package on a SPARC I1 
workstation), for the direct implementation (dashed line) and the thresholded 
linear convolution representation based on the FFT (solid line). 

= ( U [ f r o  - Y )  n .w1 

= ( U [fc'cx - n .w1 

!,EZn a ( y ) = l  

1 
= ( y p x - Y ) ' s ( Y ) l  ) 2  

= (h ( 

YtE" 

in cpu-time as the size of the structuring element increases. More- 
over, we also observe that the cpu-time required for morphological 
operations using large structuring elements is significantly lower 
for the thresholded linear convolution representation based on the 
FFT than the direct implementation. As a result, we conclude that 
the thresholded linear convolution representation of morphological 
operations based on the FIT is superior to the direct implementation 
of morphological operations. 

If<(.. - Y ) .  .S (Y) I  
y t t n  

= ( h , ( [ f ' *  . s ] ( . r ) ) ) ' .  

This completes the proof. 0 
The thresholded linear convolution representation of dilation and 

erosion proposed will be used for the efficient implementation of 
morphological operations in the next section. 

IV. SIMULATIONS 
In this section, we conduct a comparison of the efficiency of the 

direct implementation of morphological operations and the threshold 
linear convolution representation of morphological operations. 

The merit of the proposed thresholded linear convolution rep- 
resentation of morphological operations is contingent on the low 
computational complexity of the linear convolution [ 121-[ 131. A 
standard approach to the implementation of the linear convolution 
is based on the fast Fourier transform (FFT) [ 121. Far more powerful 
methods to the implementation of the linear convolution have also 
been proposed, e.g., Winograd and Agarwal-Cooley algorithms [ 131. 
For simplicity, however, we restrict our investigation of the computa- 
tional complexity to the thresholded linear convolution representation 
of the dilation and erosion based on the FIT 

Let us consider a function of size .V" and a structuring element 
of size M". The direct implementation of the dilation and erosion 
requires C7( iVr'AP) logical operations (see ( I )  and (2)), whereas 
the thresholded linear convolution representation of the dilation and 
erosion based on the FFT yields O( n ( A r  + M)"' log (2' + A I ) )  
multiplications [ 121. 

A computer simulation comparison of the resulting performance 
of the direct implementation of morphological operations and the 
thresholded linear convolution representation of morphological oper- 
ations based on the FIT is depicted in Fig. 1. In this comparison, we 
consider the cpu-time required for the dilation of a binary image of 
size 256 x 256 by a structuring element of size 2 k  x 2'", for 0 5 k 5 6 
(using a MATLAB 4.0 software package on a SPARC I1 workstation). 

From the computer simulation, we observe that the direct imple- 
mentation of morphological operations results in a large increase in 
cpu-time as the size of the structuring element increases, whereas 
the thresholded linear convolution representation of morphological 
operations based on the FFr' yields an almost negligible increase 

V. SUMMARY 
In this correspondence, we presented a fast thresholded linear con- 

volution representation of morphological operations. The thresholded 
linear convolution representation of dilation and erosion was first 
proposed. A comparison of the efficiency of the direct implementation 
of morphological operations and the thresholded linear convolu- 
tion representation of morphological operations was subsequently 
conducted. As a result, we concluded that the thresholded linear 
convolution representation of morphological operations based on 
the FIT is superior to the direct implementation of morphological 
operations. The results presented in this correspondence can easily 
be extended to the thresholded linear convolution representation 
of morphological operations in the Euclidean (continuous) space. 
Optical methods are particularly efficient in computation of the linear 
convolution in the Euclidean (continuous) space [ 141. Our approach 
can thus be used in the optical implementation of morphological 
operations. 
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