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On Capacity of Line Networks

Urs Niesen, Christina Fragouli, and Daniela Tuninetti

Abstract

We consider communication through a cascade of discrete memoryless channels. The source and

destination node of this cascade are allowed to use coding schemes of arbitrary complexity, but the

intermediate relay nodes are restricted to process only blocks of a fixed length. We investigate how

the processing at the relays must be chosen in order to maximize the capacity of the cascade, that

is, the maximum reliable end-to-end rate between the source and the destination. For infinite cascades

with fixed intermediate processing length, we prove that the intermediate processing at the relays can

be chosen to be identical without loss of optimality. In this case, we show that the capacity of the

cascade coincides with the rate of the best zero error code of length equal to the blocklength of the

intermediate processing. We further show that for fixed and identical intermediate processing at all

relays, the limiting value of the end-to-end rate is achieved exponentially fast in the length of the

cascade. Finally, we characterize how the blocklength of the intermediate processing must scale with

the length of the cascade to guarantee a constant end-to-end rate. We prove that it is sufficient that the

blocklength scales logarithmically with the network length in order to achieve any rates above the zero

error capacity. We also show that in many cases of interest logarithmic grow is also necessary.
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I. INTRODUCTION

Communication systems today are organized in large scale networks, with Internet the most

conspicuous example, where information needs to traverse multiple hops to reach a destination.

Each of the hops may introduce errors, that become more and more pronounced as the size of the

network grows. Two main approaches are used for error correction: Automatic Repeat reQuest

(ARQ) schemes that achieve high reliability at the cost of delay; and packet-level Forward

Error Correction (FEC) schemes, that reduce delay at the cost of reliability. The FEC schemes

employed today are end-to-end: packets are encoded at the source and decoded at the destination,

while intermediate nodes are only allowed to replicate and forward packets. This end-to-end

approach can lead to a significant waste of resources, that is becoming less and less acceptable

as multimedia applications become more popular and bandwidth demanding.

From a theoretical point of view, it is well known that decoding and re-encoding the in-

formation sent by the source (using possibly unbounded complexity) at all intermediate nodes

achieves the “min-cut capacity”, as is rigorously described in [1]. Such a scheme imposes heavy

computational requirements on the intermediate nodes of the network, especially since these

nodes typically need to accommodate a large number of traffic connections. Moreover, it incurs

large delay, that is prohibitive for real-time applications.

Recently it was demonstrated that even for lossless links, allowing intermediate nodes to

process information can increase the achievable rate in a multicasting scenario [2], [3]. The

proposed approach termed “network coding” requires intermediate nodes to perform linear

combinations over a finite field. The complexity of the computations is hence proportional to the

size of the finite field, which in term is bounded as a function of the number of receivers [4], [5],

[6]. The interesting observation is that allowing intermediate nodes to perform finite complexity

processing may not only increase the achievable end-to-end rates, but actually achieve the min-

cut capacity of the network. Moreover, the emergence of network coding helped to realize that

intermediate node processing is plausible and compelling for new protocols, designed for example

for overlay networks.

Motivated by these observations, in this paper we investigate what benefits finite complexity

processing at intermediate nodes may offer, using information-theoretic tools. We restrict our

attention to unicast communication, i.e., a single source-destination pair. In fact, today in the
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Internet, almost all traffic, including multicasting, is implemented via multiple unicast sessions.

We consider a communication network where a source node transmits information to a

destination node along a path that comprises L consecutive links of the network. We assume

that each link corresponds to a Discrete Memoryless Channel (DMC). In other words, we model

the communication path between the source and the destination as a line network consisting

of L cascaded identical DMCs. This model captures both physical layer and application layer

communication.

To measure complexity, we allow each intermediate node to process blocks of N symbols, and

use N as complexity measure. This is a reasonable definition of complexity as it allows to bound

not only processing complexity, but also delay, and memory requirements at intermediate nodes.

Moreover, it is well suited to an environment where information is transmitted in packets. We

allow the source and the destination to possibly code and decode over an unbounded number of

length-N blocks. This is also not unrealistic, since the source and the destination have a strong

incentive to devote resources towards their communication.

We are interested in the maximum information-theoretic rate that the source can reliably

convey to the destination as a function of the blocklength N and the network length L. The

main contributions of this work, summarized in more detail in Section II-B, are:

• We show that, if the network length increases (L → ∞) but the blocklength N is fixed,

the optimal processing is identical at each relay and corresponds to a zero error code.

Thus, the capacity of the cascade coincides with the end-to-end zero error capacity. The

zero error capacity is the maximum rate at which we can communicate over a channel, with

zero probability of error [7]. An intuitive interpretation of this result is that, as L → ∞, the

zero error capacity is the only part of the transmitted information rate that we may hope to

preserve.

• This limiting result, apart from its theoretical interest, applies to large networks where

a packet needs to traverse a large, but not infinite, number of relays and the relays use

the same fixed processing. For example, in wireless ad-hoc networks with n nodes, the

average path length scales as L =
√

n, and it is a standard assumption that the nodes are

simple identical devices [8]. In the case of identical processing at each relay, we compute

the limiting end-to-end rate as L → ∞ and we show that the rate of convergence to the

limiting end-to-end rate is exponential in the number of cascaded channels.
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• We also examine how fast the blocklength N needs to grow with network length L in order

to achieve a constant fraction of the min-cut (as opposed to the zero error) capacity as

L → ∞. We show that logarithmic growth is sufficient to achieve any rates above the zero

error capacity and it is also necessary in many cases of interest.

The capacity of a line network of identical DMCs with identical finite complexity intermediate

processing has been investigated in [9], where lower bounds on the capacity for large N are given

based on error-exponent and worst-channel case arguments. A similarly formulated problem was

also announced to be under examination, however for very small values of N , in [10]. Cascades of

DMCs without processing at the intermediate nodes have been considered also in [11], [12], [13].

The work in [11] gives an expression for the capacity of a cascade of identical channels in terms

of the eigen-decomposition of the channel transition matrix, which is assumed diagonalizable

and non-singular. The work in [12] looks at the capacity and at the error probability of a cascade

of identical binary channels, not necessarily symmetric. The work in [13] considers the optimal

ordering of different binary channels such that the capacity of the overall cascade is maximized.

FEC schemes that employ intermediate processing are proposed in [14], [15]. However, these

schemes are still designed assuming N → ∞.

The paper is organized as follows. Section II formally introduces the network model and

briefly summarizes the main results of the paper. Section III proves some basic properties of

the optimal intermediate processing. Section IV calculates the capacity of an infinite cascade of

identical channels without intermediate processing. Section V identifies the optimal finite length

intermediate processings for an infinite cascade and establishes connections with the zero error

capacity and common information. Section VI derives upper and lower bounds on the capacity.

Section VII determines how the length of the processing must scale with the length of the cascade

in order to achieve rate above the zero error capacity. Finally, Section VIII concludes the paper

and briefly discusses open problems and future work directions.

II. NETWORK MODEL AND MAIN RESULTS

A. Network Model, Notation and Basic Concepts

We consider line networks with L − 1 relays as depicted in Figure 1. The source A0 sends

information to the destination AL via relays {Ai}L−1
i=1 . Each link corresponds to the same DMC

with finite input alphabet X , finite output alphabet Y , and arbitrary transition probability matrix
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V . We impose that all the DMCs in the cascade are the same. This setup can be generalized by

connecting the relays through different DMCs. Some of our results directly extend to that case,

and we will point this out throughout the paper.

We will use the following notational conventions. We denote by Sn,m the set of stochastic

matrices of dimension n × m. We use boldface to indicate matrices or vectors. In the rest of

the work logarithms are with respect to the natural basis, with the exception of plots, where

capacities are in bits per channel use.

We restrict the relays {Ai}L−1
i=1 to perform operations from blocks of N symbols in Y to

blocks of N symbols in X in a memoryless way across blocks. Using N times the channel V

between Ai and Ai+1, amounts to connecting Ai and Ai+1 through an equivalent DMC with

input alphabet XN , output alphabet YN , and transition probability matrix

W , V ⊗N ,

where ⊗ denotes the Kronecker product. For the node Ai, we denote by Xi ∈ XN what the

relay sends and with Yi ∈ YN what the relay receives. The output Xi is then a (not neces-

sarily deterministic) function of Yi. This function can be described by a transition probability

matrix Mi ∈ S|Y|N ,|X |N specifying for each realization x of Xi and y of Yi the probability

Pr[Xi = x|Yi = y].

We allow the source A0 and the destination AL to perform coding and decoding of arbitrary

complexity, across a possibly infinite number of symbols in XN and YN .

A1 W
A2A0 W

X0 X1 Y2Y1

Fig. 1. A line network with two channels and one relay (L = 2).

We are interested in identifying the set of processings {Mi}L−1
i=1 performed at the relays that

maximize the achievable rate between the source and the destination. This is exactly the capacity

of the overall channel

Weq({Mi}) , W

L−1∏

i=1

(MiW ) (1)

December 22, 2005 DRAFT



6

that includes the intermediate processing {Mi}L−1
i=1 as part of the channel transition probability

matrix. Our goal is to determine

CN,L(V ) , max
{Mi}

L−1

i=i

1

N
C
(
Weq({Mi})

)
,

the capacity of the channel Weq normalized by N , the number of uses of the underlying channel

V . Here, C(Q) = maxp I(p, Q) where I
(
p, Q) is the mutual information between the input

X and the output Y when X ∼ p and Y |X ∼ Q.

In this paper, we will make connections between CN,L(V ) and the zero error capacity of the

underlying channel V . Recall that the zero error capacity is defined as the maximum rate at

which communication is possible with zero probability of error. The notion of zero error capacity

was introduced in [7] (see [16] for further details). It can be computed as follows. For a channel

with transition matrix V , we call two input letters k and ` adjacent if there exists an output letter

j such that [V ]k,j > 0 and [V ]`,j > 0. We then construct a graph G(V ) corresponding to the

stochastic matrix V having as vertex set the possible inputs of V and in which two edges are

connected if the corresponding input letters are adjacent. Denote by M0

(
V
)

the largest number

of vertices in G(V ) no two of which are connected by an edge (or, equivalently, the largest

number of input letters of V no two of which are adjacent). In graph theory, M0

(
V
)

is called

the independence number of G(V ). The zero error capacity of V is then given by

C0(V ) , sup
n

1

n
log M0

(
V ⊗n

)
. (2)

Clearly, for any DMC with transition probability matrix V , any intermediate processing of

length N and any network length L, we have

1

N
M0(V

⊗N ) ≤ CN,L(V ) ≤ C(V ), (3)

where the lower bound is achievable by using the same length-N zero error code at each node

in the network and the upper bound is the network min-cut capacity [1].

B. Main Results

Our main result states that the capacity of an infinite cascade of identical DMCs with transition

probability matrix V , and with intermediate nodes restricted to process only blocks of N

symbols, cannot exceed the zero error capacity of the underlying channel. More precisely, it

states that the lower bound in (3) is tight as L → ∞.
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Theorem II.1. There exists an optimal processing M ? ∈ S|Y|N ,|X |N performed at all the relays

such that

lim
L→∞

CN,L(V ) = lim
L→∞

1

N
C
((

M ? V ⊗N
)L)

=
1

N
log M0

(
V ⊗N

)
≤ C0(V ).

This theorem summarizes a number of results presented in Section V. It tells us that the limit

limL→∞ CN,L(V ) exists and can be achieved using identical processing at the relays. Moreover,

the optimal identical processing M ? in the limit for large L corresponds to the best, in the

sense of highest rate, zero error code of length N for the channel V . Hence, the capacity of

the infinite cascade equals the rate of this zero error code and is always upper bounded by the

zero error capacity of V . Notice that any rate strictly below the zero-error capacity is achievable

with finite length processing [16]. Thus this result has a nice intuitive interpretation: as L → ∞,

the zero error capacity is the only part of the transmitted information rate that we may hope to

preserve.

The next result illustrates the behavior of long cascades of identical channels, arising for

example when the intermediate nodes perform the same processing.

Theorem II.2. For any square stochastic matrix Q

lim
L→∞

C(QL) = log D(Q),

where D(Q) is the number of eigenvalues of modulus (magnitude) one of Q. Furthermore, define

Q̂ as the stochastic matrix obtained by deleting from Q all the inessential indices1 and λ2(Q) as

the second largest eigenvalue modulus of Q, then the limiting capacity is achieved exponentially

fast, with exponent bounded as

− log |λ2(Q)| ≤ lim inf
L→∞

− 1

L
log
(
C(QL) − log D(Q)

)
≤ −2 log |λ2(Q̂)|

Both bounds for the exponent are tight. In particular, the upper bound is tight if Q = Q̂.

This theorem summarizes a number of results presented in Section IV. It tells us that the limit

limL→∞ C(QL) exists and can be easily computed as the logarithm on the number of eigenvalues

1For an exposition on inessential indices, see our short review in Section IV-A.
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of modulus one of Q. Furthermore, convergence to the limiting capacity is exponentially fast in

L, at a rate that depends on the second largest eigenvalue modulus of Q. This implies that even

for long, but not infinite, cascades the derived limiting results are meaningful.

For finite L and N → ∞ the relays can use a capacity achieving code and communicate

reliably as long as the rate of this code is below the capacity of the channel V . That no other

coding strategy can do better than this is clear from either the min-cut bound [1] or directly

from the data processing inequality. Hence the capacity of the cascaded channel with infinite

complexity processing at the relays is

C∞,L(V ) , lim
N→∞

CN,L(V ) = C(V ),

i.e., the upper bound in (3) is tight. From Theorem II.1, we have that for L → ∞ and finite N

CN,∞(V ) , lim
L→∞

CN,L(V ) ≤ C0(V ),

i.e., the lower bound in (3) is tight. The limits C∞,L(V ) and CN,∞(V ) might differ quite

substantially. A natural question to ask is, what happens if both N and L are allowed to grow.

Our last result tells us how fast N needs to grow with L in order to achieve rates above the

zero error capacity.

Theorem II.3. Consider a cascade of L identical channels V where intermediate nodes can

perform processing of length N . A processing of length2

N = Θ
(
log(L)

)

is sufficient to achieve CN,L(V ) ≥ (1−α)C0(V )+αC(V ) for all α ∈ [0, 1]. Furthermore, there

exists β ≥ 0 such that logarithmic growth is necessary for any α ≥ β.

This theorem summarizes a number of results presented in Section VII. The derivation of

these results is founded on upper and lower bounds on CN,L(V ) (derived in Section VI) that

are valid for all values of N and L. These bounds have merit of their own, as they increase our

understanding of the expected achievable rates for finite values of N and L.

2We use Knuth’s notation: f(n) = O(g(n)) means that there exists a constant c and integer n0 such that f(n) ≤ cg(n) for

n > n0; f(n) = Θ(g(n)) denotes that f(n) = O(g(n)) as well as g(n) = O(f(n)).
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From Theorem II.1 and [16] we know that, for any network length L, any rate below the

zero error capacity can be achieved with a processing of finite length N . Theorem II.3 on the

other hand tells us that, for rates above the zero error capacity, N needs to increase at most

logarithmically with the length of the network L. Moreover, in many cases of interest, logarithmic

growth is also necessary. This is the case in the following example that illustrates the use of

Theorems II.1, II.2, and II.3.

Example II.1. Line Network of Binary Symmetric Channels

Consider a cascade of L BSC(p) (Binary Symmetric Channels with crossover probability p),

where, without loss of generality, p ∈ [0, 1/2]. The capacity of a BSC(p) is

C(V ) = log(2) + p log p + (1 − p) log(1 − p) , C(p),

and the zero error capacity is C0(V ) = 0.

From Theorems II.1 and II.2, we have that CN,∞(V ) = 0, that is, as L becomes very large

finite length processing does not offer any benefits. In other words, whether we use finite length

processing or no processing at all, we cannot convey any information rate from the source to

the destination. Moreover, if all intermediate nodes perform the same processing then this limit

is reached exponentially fast in L.

Now assume that we need to convey some information through this network. The next question

is how N should scale with L in order to achieve a strictly positive rate. Theorem II.3 tells us that

N = Θ
(
log L

)
is sufficient to achieve any positive fraction of the min-cut capacity. Furthermore,

as we will show in Example VII.2, for a network of BSCs the constant β in Theorem II.3 is

equal to zero, and hence N = Θ
(
log L

)
is also necessary to achieve any positive fraction of

the min-cut capacity.

Note that, for finite L, finite complexity processing at the intermediate nodes can benefit the

overall end-to-end achievable rate. To see this, consider the case where the intermediate nodes

simply forward the incoming bits to the next node without further processing. For a cascade of

BSC(p), forwarding is clearly the optimal processing for N = 1. In fact, since a cascade of L

BSC(p) is itself a BSC with parameter pL , 1−(1−2p)L

2
[1], the end-to-end achievable rate for

N = 1 is

C1,L(V ) = C(V L) = C

(
1 − (1 − 2p)L

2

)
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Forwarding is also the optimal processing for N = 2, that is C2,L(V ) = C1,L(V ). Figure 2

illustrates, for a cascade of L = 2 BSC(p), the forwarding capacity C1,2(V ) and the min-cut

capacity C(V ).

The same figure also shows the achievable end-to-end rate when the intermediate node decodes

and re-encodes a repetition code of length N = 3. By exhaustive search, for L = 2 and N = 3,

the optimal processing can be found to be either forwarding (small p) or repetition coding (large

p). In particular, repetition coding achieves a rate 1.7 times higher than forwarding for p → 1/2.

In Example III.1 we will analytically calculate the benefits that repetition coding can offer.

We will see that this very simple processing allows to bridge a significant percentage of the gap

between forwarding (no processing) and optimal processing.

C(V )
C3,2(V )
C1,2(V )

p
0.50.40.30.20.10

1

0.8

0.6

0.4

0.2

0

Fig. 2. Capacity of L = 2 cascaded BSC(p) with simple forwarding C1,2(V ), optimal intermediate processing of blocklength

three C3,2(V ), and optimal infinite length processing at the relay C(V ).

♦

C. Detailed Outline

In Section III, we derive properties that the optimal processing must satisfy for all values of

N and L. Namely, we show that the optimal processings are deterministic functions that can be

thought of as a decoding and a re-encoding operation.

We then derive results for finite N and L → ∞. A key result we use is that, in this case,

identical processing is optimal. As a consequence, we start in Section IV by deriving the capacity

of an infinite cascade of identical channels with identical processing at the relay nodes. We
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show that the limiting capacity can be easily calculated in terms of the number of eigenvalues

of modulus one of the channel transition probability matrix of the underlying DMC. We also

show that convergence to this limiting value is exponential in the length of the cascade and find

tight bounds on the exponent in terms of the second largest eigenvalue modulus of the channel

transition probability matrix.

Then, in Section V, we consider cascades with finite length processing at the relays. We prove

that without loss of optimality the optimal intermediate processing at the relays can be chosen to

be identical. By using the results in Section IV, we show that the limiting capacity of the cascade

equals the rate of the best zero error code with blocklength N for the channel the cascade is

composed of, thus giving a complete characterization of infinitely long networks.

In Section VI, we derive upper and lower bounds on the capacity of the cascade with optimal

intermediate processing valid for any L and N . We then build on those results to analyze the

case where both N → ∞ and L → ∞. In Section VII we calculate how fast the blocklength N

of the intermediate processing should increase with the network length L, to achieve rates strictly

above the zero error capacity. We use results from Section VI to show that logarithmic scaling

of N with L is sufficient, and in many cases of interest also necessary. Finally, we conclude the

paper in Section VIII.

III. PROPERTIES OF OPTIMAL PROCESSING

We will call a matrix binary if its components take values in {0, 1}. For a binary and stochastic

matrix each row contains exactly one 1 and all other components are 0. Every binary stochastic

matrix M of dimension |Y|N × |X |N defines a (deterministic) mapping f(·) from YN to XN ,

where f(y) = x if and only if [M ]x,y = 1. We will show that the stochastic matrices {M ?
i }L−1

i=1 ,

describing the optimal processing at the relay nodes, can be chosen to be binary and stochastic.

Hence the relay nodes should employ a deterministic mapping.

The following two results are valid for arbitrary line networks, not only cascades of the same

DMC.

Proposition III.1. There exists an optimal processing {M ?
i }L−1

i=1 defining deterministic mappings

at each relay, i.e., such that every M ?
i is binary and stochastic.

Proof: To simplify notation, we will consider one relay only and drop the corresponding
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subscripts of M . It is straightforward to extend the proof for the general case of L channels.

For any fixed input distribution p, the mutual information I
(
p, Weq(M)

)
is a convex function

of the channel matrix Weq(M) as defined in (1) [17]. As Weq(M) is a linear function of M ,

I
(
p, Weq(M)

)
is also convex in M . Since the set M , S|Y|N ,|X |N of all possible intermediate

processing is convex, bounded and closed, the maximum of the convex function I
(
p, Weq(M)

)

is attained at an extreme point of M [18]. Consider a matrix M ∈ M which is not binary.

Then, there must exist two tuples (i, j) and (i, k) such that [M ]i,j, [M ]i,k ∈ (0, 1). Define B to

be the matrix with all zero entries except [B]i,j = 1 and [B]i,k = −1, and let

M+ , M + εB

M− , M − εB

for some ε > 0 such that M+, M− ∈ M. Then, since the matrix M can be written as a linear

combination of M+ and M−, it cannot be an extreme point of M. Hence, the only extreme

points of M are binary stochastic matrices.

Proposition III.1 allows us to restrict our attention to deterministic mappings from |Y|N to

|X |N at the relay nodes without loss of optimality. The next proposition shows that we can

view every binary stochastic matrix M of rank ρ to be composed of a decoder followed by

an encoder, that is, M = MDME, where both MD and ME are binary stochastic matrices

of dimension |Y|N × ρ and ρ × |X |N , respectively. The matrix MD can be interpreted as a

decoder, mapping a length-N sequence at the output of one channel into one out of ρ possible

“messages”. The matrix ME can be seen as an encoder, mapping these “messages” back into a

length-N sequence to be used as input for the next channel. We will give a simple constructive

proof to show that this decomposition is always possible.

Proposition III.2. For every binary stochastic matrix M of dimension |Y|N ×|X |N and of rank

ρ, there exists a pair of binary stochastic matrices MD and ME of dimension |Y|N × ρ and

ρ × |X |N , respectively, such that M = MDME.

Proof: As the stochastic matrix M is binary and has rank ρ, there are exactly ρ nonzero

columns. Let {i1, . . . , iρ} denote the positions at which these nonzero columns occur. Call mi

the i-th column of M and ei the i-th unit vector of length |X |N (i.e., the vector containing all
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zeros except a 1 at position i). The desired decomposition is then

M =
(

mi1 · · · miρ

)



eT
i1
...

eT
iρ


 , MDME.

The following example shows a decoding and encoding scheme for the relay nodes of a line

network of BSC(p). It shows how finite complexity intermediate node processing can benefit

the overall end-to-end achievable rate.

Example III.1. Repetition Coding for Line Networks of Binary Symmetric Channels

Consider a cascade of L BSC(p), as in Example II.1. Assume that the processing length N is an

odd integer and that the relays send either the all-one sequence if the received word has Hamming

weight larger than N/2, or the all-zero sequence otherwise. In other words, the processing at the

intermediate nodes corresponds to the decoding and re-encoding of a repetition code of length

N . The encoding and decoding matrices have the form

ME =


 1 0 · · · 0 0

0 0 · · · 0 1


 ∈ S2,2N , and MD =


 1 0

0 1


 ∈ S2N ,2,

where the inputs and outputs of the channels are ordered in terms of increasing Hamming weight,

and 0 and 1 in MD are, respectively, the all-zero and all-ones column vectors of dimension 2N−1.

If we assume that the destination node also uses the decoder of the repetition code, then this

communication strategy turns the original cascade of L BSC(p) into a cascade of L BSC(pN),

where pN is the probability that more that N/2 bit flips have occurred in the transmission of N

bits, i.e.,

pN ,

N∑

j=(N+1)/2

(
N

j

)
pj(1 − p)N−j.

Notice that for odd N

1 − 2pN =

(N−1)/2∑

j=0

βj,N(1 − 2p)2j+1

for some values β0,N , β1,N , . . . , β(N−1)/2,N , and where

β0,N = lim
p→1/2

1 − 2pN

1 − 2p
=

N

2N−1

(
N − 1

(N − 1)/2

)
≈
√

2N/π for N � 1.
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Hence, the gain of the length-N repetition coding scheme over forwarding for a line network of

L BSC(p) with large cross-over probability p is

lim
p→1/2

1
N

C
(

1−(1−2pN )L

2

)

C
(

1−(1−2p)L

2

) =
(β0,N)2L

N
≈
(

2

π

)L

NL−1 for N � 1,

since C(p) ≈ (1 − 2p)2/2 for p → 1/2.

♦

IV. CAPACITY OF A CASCADE OF IDENTICAL CHANNELS

In the next section, we will prove that identical processing is optimal for an infinitely long

cascade of channels. In this section, we hence derive the capacity of an infinite cascade of a

DMCs with input and output alphabets of the same cardinality and transition matrix Q, that is,

we compute

lim
L→∞

C(QL). (4)

In other words, the channel Q is cascaded with itself without any intermediate processing,

or Q can be the result of applying the same intermediate processing at each relay, that is

Q = MEWMD.

In Section IV-A we briefly review the canonical decomposition of non-negative matrices, and

we compute the limit of QL as L → ∞ and the rate of convergence of QL to its limiting

value for the class of stochastic matrices of interest to compute (4). We use these results in

Section IV-B to characterize the limiting capacity of an arbitrary channel cascaded L times with

itself, and in Section IV-C to characterize the rate of convergence to the limiting value.

A. Canonical Form of Stochastic Matrices

Our exposition closely follows [19]. Let Q be a square stochastic matrix and denote by

J , {1, . . . , m} the set of its (row and column) indices. We say that the index i leads to index

j, and write i → j, if [Qk]i,j > 0 for some k ≥ 1. If i → j and j → i, we say that i and

j communicate. An index i is called essential if i → j implies j → i. If i is not essential,

it is called inessential. This partitions the set of indices J into the set of essential indices E
and inessential indices I. The set of essential indices E can furthermore be partitioned into

communicating classes C, such that all indices communicating with each other are in the same
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class. The canonical form of a matrix Q is obtained by relabeling its indices in such a way

that all indices of the same essential communicating class are consecutive, and every inessential

index is greater than any essential index. Formally, this corresponds to pre- and post-multiplying

Q by some permutation matrix Π. This results in a matrix of the canonical form

Q̃ = ΠQΠ
T =




P1 0 · · · 0 0

0 P2 · · · 0 0

...
...

. . .
...

...

0 0 · · · P|C| 0

R1 R2 · · · R|C| S




. (5)

The square matrix Pi in (5) contains the transition probabilities within the i-th essential com-

municating class, the square matrix S the transition probabilities between the inessential indices

I, and the (not necessarily square) matrices Ri the transition probabilities from the inessential

indices to the i-th essential communicating class. The submatrices {Pi}|C|i=1 are by construction

irreducible [19].

The period of an index i is defined as the greatest common divisor of those k for which

[Qk]i,i > 0. All indices in the same communicating class have the same period, which is referred

to as the period of the class. Denote by di the period of the submatrix Pi. If di = 1, then Pi

is called primitive, i.e., it is irreducible and aperiodic. If di > 1, then Pi can be written in a

canonical form (again by permuting indices) such that, for any integer `, P di `
i is of the form

P di `
i =




P `
i,1 0 · · · 0

0 P `
i,2 · · · 0

...
...

. . .
...

0 0 · · · P `
i,di




, (6)

where the square matrices {Pi,j}di

j=1 on the main diagonal are primitive.

The following lemma gives the limiting expression of QL when L → ∞ for certain Q. As we

shall see, the class of Q covered by the theorem is general enough for the purposes of computing

the capacity in (4).

Lemma IV.1. Let Q be a square stochastic matrix with |C| aperiodic essential communicating

classes, i.e., Q is in the canonical form given in (5) with all its diagonal irreducible submatrices
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{Pi}|C|i=1 with period one, then

Q∞ , lim
L→∞

QL =




1π1 0 · · · 0 0

0 1π2 · · · 0 0

...
...

. . .
...

...

0 0 · · · 1π|C| 0

a1π1 a2π2 · · · a|C|π|C| 0




, (7)

where the row vector πi is the unique stationary distribution of Pi, and column vector ai ,

(I − S)−1Ri1 (I indicates the identity matrix and 1 the column vector of all ones).

Proof: The proof follows from [19, Th. 4.1, Th. 4.2, Th. 4.3, Th. 4.7].

The speed of convergence to the limiting expression in (7) is exponential in L, with the

exponent related to {λi(Q)}s
i=1, the ordered (written without repetition) eigenvalues of Q such

that

|λ1(Q)| > |λ2(Q)| > . . . > |λs(Q)|.

The next lemma provides detailed information about the speed at which convergence in Lemma IV.1

takes place.

Lemma IV.2. Let Q be a square stochastic matrix with only aperiodic essential communicating

classes. The entries of Qk converge to the entries of Q∞ in (7) exponentially fast3 in k, with

exponent not smaller than − log |λ2(Q)| and with equality for at least one entry of Q.

Proof: From [19, Th. 1.2, Th. 4.2], the entries of P k
i converge to the entries of 1πi

exponentially fast, all with exponent − log |λ2(Pi)|.
From [19, Th. 4.3] and [20, Cor. 5.6.14], the entries of Sk converge to zero exponentially

fast, with exponent not smaller than − log |λ1(S)|, and with equality for at least one entry of

S. In other words, |λ1(S)| is the spectral radius of S and |λ1(S)| < 1.

From [19, Th. 4.7], the entries of R
(k)
i =

∑k−1
j=1 SjRiP

k−1−j
i (the position of the matrix

R
(k)
i in Qk is the same as the position of the matrix Ri in Q) converge to the entries of aiπi

exponentially fast, with exponent not smaller than − log max{|λ2(Pi)|, |λ1(S)|}.

3f(k) converges exponentially to a with exponent b if limk→∞ f(k) = a and lim infk→∞ − 1

k
log

`

f(k) − a
´

= b.
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Hence, all entries of Q converge to their respective limit with exponent not smaller than

− log max{|λ1(S)|, |λ2(P1)|, · · · , |λ2(P|C|)|}, (8)

and with equality for at least one entry of Q. Since the eigenvalues of the block lower triangular

matrix Q are the union of the eigenvalues of its diagonal blocks [21, Ex. 4, page 64], and

since λ1(Q) = 1 because Q is a stochastic matrix, it follows that (8) equals − log |λ2(Q)|, thus

yielding the desired result.

An immediate consequence of Lemma IV.1 is that:

Corollary IV.3. Let Q be a square stochastic matrix with |C| aperiodic essential communicating

classes. Then

|C| = rank
(

lim
L→∞

QL
)

= D(Q), (9)

where D(Q) is the multiplicity (algebraic and also geometric) of λ1(Q) = 1.

Proof: That the rank of limL→∞ QL is |C| follows immediately from inspection of (7).

That |C| is also the multiplicity of λ1(Q) = 1 is a consequence of the following facts. First,

the eigenvalues of a block lower triangular matrix are the union of the eigenvalues of its block

diagonal blocks [21, Ex. 4, page 64]. Second, each primitive stochastic matrix Pi on the main

diagonal of Q has only one eigenvalue of maximum modulus (λ1(Pi) = 1). This eigenvalue,

referred to as Perron-Frobenius root, has algebraic and geometric multiplicity one [19, Th. 1.1].

Third, all the eigenvalues of S are in modulus strictly less than 1. Hence, the eigenvalue of Q

of maximum modulus (λ1(Q) = 1) has multiplicity D(Q) given by the number of primitive

stochastic matrices Pi on the main diagonal of Q, which is |C| by definition.

Notice that equation (9) implies that the eigenvalues of limL→∞ QL are either zero or one.

The following example illustrates these definitions.

Example IV.1. Let p ∈ (0, 1), t ∈ (0, 1), and consider

Q =




1−p 0 0 p

0 1 0 0

0 t 1−t 0

p 0 0 1−p




,
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The matrix Q has essential indices E = {1, 2, 4}, inessential indices I = {3}, and two essential

communicating classes C =
{
{1, 4}, {2}

}
. The canonical form Q̃ is

Q̃ =




1−p p 0 0

p 1−p 0 0

0 0 1 0

0 0 t 1−t




(10)

with

P1 =


1 − p p

p 1 − p


 , P2 =

(
1
)

,

and

R1 =
(
0 0

)
, R2 =

(
t
)

, S =
(
1 − t

)
.

Both matrices P1 and P2 have period 1. Hence the matrix Q falls into the category covered by

Lemma IV.1, Lemma IV.2 and Corollary IV.3. The eigenvalues of Q are {1, 1 − 2p, 1 − t} and

λ1(Q) = 1 has multiplicity D(Q) = 2.

From Lemma IV.1

Q̃∞ =




1/2 1/2 0 0

1/2 1/2 0 0

0 0 1 0

0 0 1 0




, (11)

and, from Lemma IV.2, the speed of convergence is exponential with exponent

− log max{|1 − 2p|, 1 − t} (12)

From Corollary IV.3, the rank of Q̃∞ is D(Q) = 2.

In this specific example, we could also have computed directly the limiting value in (11) and

the exponent in (12) from the following explicit expression for QL

Q̃L − Q̃∞ =




+x/2 −x/2 0 0

−x/2 +x/2 0 0

0 0 0 0

0 0 −y +y




, (13)

with x = (1 − 2p)L and y = (1 − t)L. ♦
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B. Capacity of an Infinite Cascade of Identical Channels

We will now use the results from Section IV-A to find the capacity of an infinite cascade of

an arbitrary channel Q without intermediate processing.

Theorem IV.4. Consider a square stochastic matrix Q. Let D(Q) be the number of eigenvalues

on modulus 1 of Q. Then

lim
L→∞

C(QL) = log D(Q). (14)

Proof: For any square stochastic matrix Q the limit limL→∞ C(QL) exists since the

sequence {C(Q`)}`∈N is non-increasing and bounded below. Indeed, by the data processing

inequality and the non-negativity of mutual information, we have that C(Q) ≥ C(Q2) ≥ · · · ≥ 0.

The existence of the limit implies that for any d ∈ N

lim
L→∞

C(QL) = lim
L→∞

C(QdL). (15)

By the continuity of mutual information in the channel transition probability matrix [1] and

assuming that limL→∞ QdL exists (which will be shown to hold in the next paragraph)

lim
L→∞

C(QdL) = C
(

lim
L→∞

QdL
)
. (16)

Without loss of generality, assume that Q is in canonical form in (5). The notation is the

same as in the Section IV-A. Let di be the period of the irreducible matrix Pi and denote by d

the least common multiple of the {di}. By (15), we can limit our attention to the powers of Qd.

From (6), we know that P d
i is block diagonal, since d is a multiple of di, and it has exactly di

primitive square matrices on the main diagonal. Hence Qd has the form of (5) with
∑

k≥1 k|Ck|
aperiodic essential communicating classes, where we have denoted by Ck the set of essential

communicating classes with period k of Q. Hence limL→∞ QdL is given by (7) in Lemma IV.1,

where the number of aperiodic essential communicating classes is
∑

k≥1 k|Ck|.
Since capacity is upper bounded by the logarithm of the rank of the channel transition

probability matrix [22] and from Corollary IV.3, we have that

C
(

lim
L→∞

QdL
)
≤ log rank

(
lim

L→∞
QdL

)
= log

∑

k≥1

k|Ck| = log D(Qd) = log D(Q). (17)

where the last equality in (17) follows since the number of eigenvalues of modulus 1 of Q is

the same as the number of eigenvalues of modulus one of Qk for any integer k. It is easy to
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see that inequality in (17) is achievable by using one input per essential communicating class

of Qd with uniform probability. This shows that (14) holds, thus concluding the proof.

C. Convergence to Asymptotic Value

We showed in the last section that the capacity of an infinite cascade of identical DMCs

can be computed very easily in terms of the number of eigenvalues of modulus one of the

channel transition probability matrix. In this section, we will see that convergence to this limiting

expression is exponential in the length of the cascade. This implies that for long, but still finite,

cascades of identical channels, the limiting result derived in the previous section is meaningful.

We define the exponential asymptotic rate at which capacity decays when L → ∞ as

EL(Q) , lim inf
L→∞

− 1

L
log
(
C(QL) − log D(Q))

)
.

The following theorem bounds EL(Q) in terms of the eigenvalues of the channel matrix Q.

Theorem IV.5. Let Q be a stochastic matrix, and define Q̂ as the stochastic matrix obtained

by deleting from Q all inessential indices. Then

− log |λ2(Q)| ≤ EL(Q) ≤ −2 log |λ2(Q̂)|, (18)

where λ2(Q) denotes the second largest eigenvalue modulus of the channel matrix Q. Moreover,

the upper bound in (18) is tight if Q = Q̂.

Proof: The proof, due to its length and technicality, is reported in Appendix I.

Interestingly, the speed of convergence of C(QL) in Theorem IV.5 is not necessarily the same

as the speed of convergence of QL, which was derived in Lemma IV.2 and was found to be

equal to − log |λ2(Q)|.
We illustrate the use of Theorem IV.5 by further developing Example IV.1. This example

shows that both the upper and the lower bounds in Theorem IV.5 are actually tight.

Example IV.2. For the channel in Example IV.1, we have |λ2(Q)| = max{|1 − 2p|, 1 − t} and

|λ2(Q̂)| = |1−2p|. The matrices Q̃, Q̃L and Q̃∞ are given by (10), (13), and (11), respectively.

Theorem IV.5 says that the convergence of C(Q̃L) to C(Q̃∞) = log(2) is exponentially fast in

L with exponent

− log max{|1 − 2p|, 1 − t} ≤ EL(Q̃) ≤ − log{(1 − 2p)2}. (19)
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We will now show that with the right choice of the parameters p and t, both the upper and the

lower bound in (19) can be achieved. To do that, we will directly derive the speed of convergence

as follows. The capacity of Q̃L in (13) can be easily computed for every L as the channel is

the sum of a BSC with parameter pL , 1−(1−2p)L

2
, with capacity

CBSC(pL) = log(2) −H(pL) → (1 − 2pL)2

2
as L → ∞,

and a Z-channel with parameter tL , 1 − (1 − t)L, with capacity

CZ(tL) = log

(
1 + exp

(
− H(tL)

1 − tL

))
→ 1 − tL as L → ∞.

We used H(p) to denote the binary entropy function. Hence for large L

C(Q̃L) = log
(

exp
(
CBSC(pL)

)
+ exp

(
CZ(tL)

))

≈ log

(
2 +

(1 − 2p)2L

2
+ (1 − t)L

)

≈ log 2 + β max{(1 − 2p)2L, (1 − t)L}

for some constant β independent of L. We conclude that

EL(Q̃) = − log max{(1 − 2p)2, 1 − t}.

Thus, in the case where (1− 2p)2 ≥ (1− t) the upper bound in (19) becomes tight. In the case

where (1− 2p)2 < (1− t) < |1− 2p| neither the upper nor the lower bound is tight. And finally,

in the case where (1 − 2p)2 ≤ |1 − 2p| ≤ (1 − t) the lower bound becomes tight. ♦

V. CAPACITY OF AN INFINITE CASCADE OF CHANNELS WITH INTERMEDIATE PROCESSING

In this section, we will characterize the optimal finite length intermediate processing for an

infinite cascade and establish connections with the zero error capacity. We start by showing that,

similar to the usual capacity, the zero error capacity obeys a sort of data processing inequality.

This result will be used in Section V-A to show that the optimal finite length processing for an

infinite cascade is a zero error code.

Proposition V.1. Consider a cascade of L channels {Qi}L
i=1. Then

M0

(
(

L∏

i=1

Qi)
⊗n
)
≤ M0

(
Q⊗n

j

)
. (20)
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Remark. Equation (20) implies that

C0(

L∏

i=1

Qi) ≤ min
j∈{1,...,L}

C0(Qj).

Proof: By definition M0

(
Q
)

= D if and only if there exists an encoder ME and a

decoder MD such that MEQMD is the identity matrix of dimension D. Let (ME, MD) be the

optimal encoder and decoder for the matrix (
∏L

i=1 Qi)
⊗n. By the properties of the Kronecker

product [21], we have

I = ME(

L∏

i=1

Qi)
⊗nMD = ME

L∏

i=1

(Q⊗n
i )MD = ME,jQ

⊗n
j MD,j,

where

ME,j , ME

j−1∏

i=1

Q⊗n
i , MD,j , (

L∏

i=j+1

Q⊗n
i )MD.

Hence, there exists at least one pair of zero error encoder (i.e, ME,j) and decoder (i.e., MD,j)

for the channel Q⊗n
j yielding the same zero error rate as

∏L
i=1 Q⊗n

i , which shows the result.

A. Cascade of Identical Channels

The next theorem shows that for an infinite cascade of identical DMCs, identical processing

at the relays is optimal. This theorem is crucial as it allows us to optimize over only one

intermediate processing instead of having to optimize over an infinite sequence of processing

{Mi}∞i=1.

Theorem V.2. For a cascade of L identical DMCs, identical processing at the relays is optimal

as L → ∞, i.e., there exits an optimal processing M ? such that

lim
L→∞

max
{Mi}

L−1

i=1

1

N
C
(
Weq({Mi})

)
= lim

L→∞

1

N
C
(
(M ?W )L

)

Proof: Let W = V ⊗N be the channel transition probability matrix of the equivalent DMC

between any pair of relays and, as before, {Mi = Mi,D Mi,E}L−1
i=1 the processing at the relays.

Let Qi , MiW ∈ SYN ,YN for i = 1, . . . , L − 1. With this

Weq({Mi}) = W

L−1∏

i=1

Qi.

An interval chain σ of length ` is defined to be a sequence of intervals {σi}`
i=1, where

the σi are each integer intervals {li, . . . , ri} and have the property that li = ri−1 + 1 for all
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i ∈ {2, . . . , `}. Consider the product
∏L−1

i=1 Qi and define Qσj
,
∏rj

i=lj
Qi for any integer

interval σj ⊆ {1, . . . , L− 1}. We will use [23, Lemma 2.4], a result originally due to Erdös and

Szekeres, to show that, as L → ∞, there exists an interval chain σ of arbitrary length ` such

that all Qσj
are almost identical. More precisely, for every L there exists an ` with the property

that ` → ∞ as L → ∞ such that

C
(
W

L−1∏

i=1

Qi

)
= C

(
PQ`

σ1
P̃
)

+ ε(L) (21)

for some stochastic matrices P and P̃ and with limL→∞ |ε(L)| = 0. Indeed, for a fixed k ∈ N

construct Q̂ from Q by quantizing every component of Q to the closest of the points {j/k}k
j=0.

The set of all possible quantized matrices (which are, in general, not stochastic) has cardinality

K , (k+1)n2

, with n , |Y|N . By [23, Lemma 2.4], we have that if L > `K then there exists an

interval chain σ of length ` such that Q̂σ1
= Q̂σj

for all j ∈ {1, . . . , `}. Note that Q̂σj
is defined

as the quantized version of Qσj
and hence Q̂σj

and Qσj
differ component-wise by at most 1/k.

By the above argument the product
∏`

i=1 Qσi
and Q`

σ1
differ component-wise at most by 1

k
(an)`

for some constant a independent of k. By choosing k large enough we can make this difference

as small as desired. As mutual information is continuous in the channel transition probability

matrix we can, for any input distribution p, make the difference |I(p, Q`
σ1

) − I(p,
∏`

i=1 Qσi
)|

also as small as desired. Since ` is arbitrary, the result follows.

By the data processing inequality, we have that the capacity in (21) can be upper bounded by

C
(
W

L−1∏

i=1

Qi

)
≤ C

(
Q`

σ1

)
+ ε(L).

But any stochastic matrix Qσ1
resulting from this procedure can be written as the product MW

for some stochastic matrix M and hence Q`
σ1

can be constructed from a cascade of ` channels

W by using the same processing at each relay. Hence as L → ∞ (and therefore also ` → ∞)

we can restrict our attention to identical processing at the relays.

With this last result, we are now in the position to find the optimal intermediate processing

of blocklength N for an infinite cascade of identical channels and to compute the resulting

capacity of the cascade. Theorem V.3 shows that the optimal intermediate processing at the

relays corresponds to using the best zero error code of blocklength N for the channel V . The

resulting capacity of the cascade equals the rate of this zero error code.
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Theorem V.3. The capacity of an infinite cascade of identical DMCs with channel matrix V

with optimal intermediate processing of finite length N is

lim
L→∞

CN,L(V ) =
1

N
log M0

(
V ⊗N

)
.

Proof: The main steps of the proof are as follows

CN,∞(V ) = lim
L→∞

max
ME ,MD

1

N
C
(
(MEWMD)L

)
(22a)

= max
ME ,MD

lim
L→∞

1

N
C
(
(MEWMD)L

)
(22b)

= max
ME ,MD

1

N
C
(

lim
L→∞

(MEWMD)d L
)

(22c)

= max
ME ,MD

1

N
log D(MEWMD) (22d)

= max
ME ,MD

1

N
log M0

(
lim

L→∞
(MEWMD)d L

)
(22e)

=
1

N
log M0

(
W
)
. (22f)

Equality in (22a) follows from Theorem V.2. The first step is to show that the limit and the max-

imization operation in (22a) can be exchanged, thus giving (22b). We postpone the proof of this

technical step to a later stage. Equality in (22c) and in (22d) follow from Theorem IV.4, where d is

the least common multiple of the periods of the essential communicating classes of MEWMD,

and where D(MEWMD) is the number of eigenvalues of modulus one of MEWMD. From

Lemma IV.1, the limiting channel limL→∞(MEWMD)d L has D(MEWMD) non-adjacent

inputs, hence (22d) is the rate of the best zero error code of length one for the limiting

channel limL→∞(MEWMD)d L, thus giving (22e). Finally, equality in (22f) follows by applying

Proposition V.1, which states that

M0

(
lim

L→∞
(MEWMD)d L

)
≤ M0

(
W
)

with equality if (ME, MD) is an optimal zero error code for W = V ⊗N , as in this case

(MEWMD)` = I` = I for any integer `.

In order to complete the proof, we need to show that the limit and the maximization operation

in (22a) can be interchanged. We have

lim
L→∞

max
ME ,MD

1

N
C
(
(MEWMD)L

)
≥ lim

L→∞

1

N
C
(
(MEWMD)L

)
(23)
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for any (ME, MD) pair. In particular this is also true for the one maximizing the right hand

side of (23) yielding

lim
L→∞

max
ME ,MD

1

N
C
(
(MEWMD)L

)
≥ max

ME ,MD

lim
L→∞

1

N
C
(
(MEWMD)L

)
.

On the other hand, the capacity of the cascade is decreasing in L and hence

lim
L→∞

max
ME ,MD

1

N
C
(
(MEWMD)L

)
≤ max

ME ,MD

1

N
C
(
(MEWMD)L

)
.

By Theorem IV.4, limL→∞ C
(
(MEWMD)L

)
exists for all choices of (ME, MD) and thus for

every ε ≥ 0 there exists a L0 = L0(ME, MD) such that

C
(
(MEWMD)L

)
≤ lim

L→∞
C
(
(MEWMD)L

)
+ ε (24)

for L ≥ L0. By Proposition III.1, there are only finitely many (ME, MD) pairs over which we

optimize, hence there is a finite L̃0 , maxME ,MD
L0(ME, MD) such that (24) holds for all

(ME, MD) pairs simultaneously if L ≥ L̃0. As ε is arbitrary this shows that

lim
L→∞

max
ME ,MD

1

N
C
(
(MEWMD)L

)
= max

ME ,MD

lim
L→∞

1

N
C
(
(MEWMD)L

)

proving (22a).

An intuitive interpretation of Theorem V.3 is that, as L → ∞, the zero error capacity is the

only part of the transmitted information rate that we may hope to preserve.

Another interpretation of this result can be obtained by considering the concept of common

information as defined in [24]. As we discuss in more detail in Appendix III, the zero error

capacity can be defined through common information in a similar manner as ordinary capacity can

be defined through mutual information. Hence as L → ∞, the only part of mutual information we

can preserve between the input and the output of the cascade is exactly the common information

between them.

The following examples illustrate the use of Theorem V.2 and Theorem V.3.

Example V.1. Consider V = Q̃, where Q̃ is as in Example IV.1. The corresponding transition

matrix V and graph G(V ) are depicted in Figure 3.

For this channel [7]

C0(V ) = M0

(
V
)

= log 2,
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Fig. 3. The channel V in Example V.1 and its graph G(V ).

that is, the zero error capacity is achieved by a zero error code of blocklength one (this code

for example might use x1 and x3 that are non adjacent). Theorem V.3 states that for an infinite

cascade of these channels, for any finite N

lim
L→∞

CN,L(V ) = lim
L→∞

C1,L(V ) = log 2.

In other words, if N is restricted to be finite, N = 1 is optimal.

The limiting capacity can achieved by using at all intermediate nodes the decoder

MD =


1 1 0 0

0 0 1 1




T

,

followed by the encoder

ME =


1 0 0 0 0

0 0 1 0 0


 .

Notice that, for this specific example, the product MDME is actually equivalent to forwarding.

In fact, a decoder can not distinguish between x1 and x2, and between x2 and x3. Nonetheless,

x1 or x2 are never mistaken for x3 or x4. Moreover, in the limit for large L, ME can be used

at the source and MD can be used at the destination without loss of optimality. Hence, for

long line networks of channels V , the intermediate nodes need not to perform any processing

at all, the source conveys the bits with value zero by sending, for example, x1 or x2, and the

bits with value one by sending x3 or x4. The destination decodes a bit to be zero if either y1

or y2 is received, and one otherwise. This scheme does not incur any delay, does not require

any intermediate processing, and is optimal as long as the length of intermediate processing is

restricted be finite while L → ∞. ♦
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The simplest non-trivial DMC for which the zero error capacity is achieved by a zero error

code of length bigger than one, is the so called “pentagon” channel [7], which we analyze in

more detail in the next example.

Example V.2. The Pentagon Channel

Consider the “pentagon” channel whose transition matrix V , for p ∈ (0, 1), is

V =




1 − p p 0 0 0

0 1 − p p 0 0

0 0 1 − p p 0

0 0 0 1 − p p

p 0 0 0 1 − p




.

The corresponding graph G(V ) is depicted in Figure 4.

x1 x2

x3

x4

x5

x5 y5

x4

x3

x2

x1

y4

y3

y2

y1

Fig. 4. The “pentagon” channel V and its graph G(V ).

For this channel we have M0

(
V
)

= 2 (for example x1 and x3 are non adjacent) and

M0

(
V ⊗2

)
= 5 (for example (x1, x1), (x2, x3), (x3, x5), (x4, x2), (x5, x4) are non adjacent).

It was conjectured in [7] and shown in [25] that for this channel the zero error capacity is

C0(V ) =
1

2
M0

(
V ⊗2

)
=

1

2
log 5,

that is, a zero error code of blocklength two is optimal.

Theorem V.3 states that for an infinite cascade of “pentagon” channels

lim
L→∞

C1,L(V ) = log 2,

and

lim
L→∞

C2,L(V ) =
1

2
log 5.
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Moreover, for any other finite N , we can never achieve more than 1
2
log 5. Hence, for an infinite

cascade of “pentagon” channels an intermediate processing of length N = 2 is optimal if N is

restricted to be finite. The optimal limiting capacity can be achieved by using at all intermediate

nodes and at the source a length-2 zero error encoder, and at all intermediate nodes and at the

destination a length-2 zero error decoder. Notice that in this example, if the intermediate nodes

simply forward the incoming data, then the limiting capacity is log D(V ) = log 1 = 0 (by

Theorem IV.4), and this limit is approached exponentially fast with exponent −2 log |λ2(V )| =

− log(1 − 2p(1 − p) sin2(2π/5)) (by Theorem IV.5). In other words, intermediate processing

is necessary if a non vanishing throughput is to be achieved in a long line network. Even a

non-trivial one-symbol processing suffices to achieve a strictly positive end-to-end rate. ♦

B. Cascade of Non-Identical Channels

A result similar to Theorem V.3 also holds if the channels to be cascaded are not identical.

More formally, we consider the cascade of channels {Vi}L
i=1 where Vi ∈ V for some set of

stochastic matrices V ⊂
⋃

i,j≤n Si,j with n being finite. As before, we allow intermediate nodes

to perform some processing {Mi}L−1
i=1 of blocklength N and of appropriate dimensions, and we

denote by CN,L({Vi}) the capacity of the resulting cascade.

We now define a set

Vi.o. ,
{
V ∈ V : M0

(
V ⊗N

)
occurs i.o.

}

that includes all matrices V such that the corresponding M0

(
V ⊗N

)
occurs infinitely often (i.o.)

in the cascade. The following simple counting argument shows that the set Vi.o. is not empty.

By definition the input alphabet size of all channels of the cascade is upper bounded by a finite

number n. Then utilizing length-N processing implies that M0

(
V ⊗N

i

)
can take a finite number

of values, from 1 to nN . But each of the matrices Vi, i = 1 . . . L with L → ∞, will lead to one

of these values. Therefore, at least one value will be observed an infinite number of times.

Theorem V.4.

min
V ∈V

1

N
log M0

(
V ⊗N

)
≤ lim

L→∞
CN,L({Vi}) ≤ min

V ∈Vi.o.

1

N
log M0

(
V ⊗N

)

Proof: We can always use a zero error code over each channel V ⊗N
i . The resulting capacity

is minV ∈V
1
N

log M0

(
V ⊗N

)
, proving the lower bound.
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For the upper bound, let V̂ ∈ Vi.o. be a matrix that achieves the minimum value. Replace every

matrix Vi in the cascade such that M0

(
V ⊗N

i

)
6= M0

(
V̂

⊗N)
by an arbitrary stochastic matrix

M̂i. If we maximize capacity over all those {M̂i} we obtain an upper bound on CN,L({Vi}).
Observe that with this last step we are really looking at a cascade of channels with identical

zero error capacity for which we allow intermediate processing.

Consider now the remaining matrices Vi ∈ Vi.o. with M0

(
V ⊗N

i

)
= M0

(
V̂

⊗N)
of arbitrary

dimension j ×k. Construct the matrix W̃i from V ⊗N
i by duplicating the last row of V ⊗N

i n− j

times and appending n−k all zero columns. The resulting W̃i is a stochastic matrix of dimension

n × n. Replacing every matrix V ⊗N
i by the corresponding W̃i and adapting the dimensions of

the intermediate processings accordingly further upper bounds CN,L({Vi}). Define Qi , M̃iW̃i,

where M̃i is the optimal aggregate intermediate processing between channel W̃i−1 and W̃i of

this new cascade.

With this, the setup is now almost the same as in Theorem V.2 and by the same argument as

in there we get that

lim
L→∞

CN,L({Vi}) ≤ lim
L→∞

1

N
CN,L({W̃i})

= lim
L→∞

1

N
C
( L∏

i=1

Qi

)

= lim
`→∞

1

N
C
(
PQ̃`P̃

)

≤ lim
`→∞

1

N
C
(
Q̃`
)

for some stochastic matrices P , Q̃, P̃ . But from Theorem V.3,

lim
`→∞

1

N
C
(
Q̃`
)

=
1

N
M0

(
Q̃
)
,

and by Proposition V.1,

1

N
M0

(
Q̃
)
≤ max

i

1

N
M0

(
W̃i

)
= min

V ∈Vi.o.

1

N
M0

(
V ⊗N

)
.

Notice that the upper and lower bound in Theorem V.4 coincide if V = Vi.o.. This is the case,

for example, if every channel in the cascade appears an infinite number of times. A special case

is when all {Vi}L
i=1 are identical, for which we recover the result of Theorem V.3. Following

we give another example where the lower bound in Theorem V.4 is tight.
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Example V.3. Consider a cascade consisting of L−1 identical channels V with M0

(
V ⊗N

)
> m

for some integer m, and of one channel V0 such that

C(V0) = C0(V0) = log M0(V0) = m,

i.e., for example the channel V0 is block diagonal with m blocks on the main diagonal, and each

block is a rank one matrix. By the data processing inequality

CN,L({Vi}) ≤
1

N
C
(
V ⊗N

0

)
= log M0(V0) = m = min

V ∈V

1

N
log M0

(
V ⊗N

)
,

and hence the lower bound in Theorem V.4 is tight. ♦

Notice that the problem of finding the limiting capacity of cascades of general arbitrary

channels is as hard as finding the capacity for any finite cascade of channels. This can be seen

from the following example. Let V be the channel transition probability matrix of a BSC(p).

Consider the cascade with V1 = V2 = V and Vi = I for i > 2, then limL→∞ CN,L({Vi}) =

CN,2(V ).

VI. BOUNDS ON CAPACITY

We will derive an upper and a lower bound on CN,L(V ), the capacity of the cascade with

optimal intermediate processing at the relays, that apply for all values of N and L.

A. Upper Bound

In this section we derive an upper bound for CN,L(V ) expressed as a linear combination of

the min-cut capacity and of a term reminiscent of the zero error capacity. The basic idea is

to decompose the channel transition matrix V ⊗N into a linear combination of two stochastic

matrices, one of which with rank as close as possible to M0(V
⊗N). We also discuss efficient

algorithms to determine such a decomposition.

Theorem VI.1. For any stochastic matrix V and any integer N , if there exist two stochastic

matrices AN and BN , and δN ∈ [0, 1] such that

V ⊗N = δN AN + (1 − δN) BN (25)

then

CN,L(V ) ≤
(
1 − (1 − δN)L−1

) log rank(AN)

N
+ (1 − δN)L−1C(V ). (26)
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Remark. If log rank(AN)/N < C(V ) and δN > 0, the bound in (26) is strictly better than the

min-cut upper bound CN,L(V ) ≤ C(V ).

Proof: Assume (25) holds, then,

CN,L(V ) =
1

N
C
(
W

L−1∏

i=1

(MiW )
)

(27a)

=
1

N
C
((

δN AN + (1 − δN ) BN

) L−1∏

i=1

(MiW )
)

(27b)

≤ δN
1

N
C
(
AN

L−1∏

i=1

(MiW )
)

+ (1 − δN)
1

N
C
(
BN

L−1∏

i=1

(MiW )
)

(27c)

≤ δN
C(AN)

N
+ (1 − δN)

1

N
C
(
W

L−1∏

i=2

(MiW )
)

(27d)

where (27c) follows from the convexity of mutual information in the channel matrix, and (27d)

from the data processing inequality. By repeating the same argument, we get

CN,L(V ) ≤
(
1 − (1 − δN )L−1

)C(AN)

N
+ (1 − δN)L−1C

(
V
)
. (28)

We can further upper bound C(AN) in (28) with the logarithm of the rank of AN [22] to

yield (26).

The following example illustrates the use of Theorem VI.1.

Example VI.1. Consider again V = Q̃, where Q̃ is given in (10) in Example IV.1. Then, we

can take

δ1 = min{2p, 2(1− p), t},

and A1 = Q̃∞, where Q̃∞ is given in (11). In this case log rank(A1) = log(2) = C0(V ) and

the bound in (26) becomes

CN,L(V ) ≤
(
1 − (1 − δN

1 )
)L−1

C0(V ) +
(
1 − δN

1

)L−1
C(V ).

For this channel limL→∞ CN,L(V ) = C0(V ) for any finite N , as already pointed out in

Example V.1. Hence the decay of CN,L(V ) to C0(V ) as L increases is exponential in L with

exponent lower bounded by

EL(V ) , lim
L→∞

− 1

L
log
(
CN,L(V ) − C0(V )

)
≥ − log(1 − δN

1 ).

For N = 1, EL(V ) ≥ − log(1 − δ1) = − log max{|1 − 2p|, 1 − t}.
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Since CN,L(V ) ≥ C(V L), we can upper bound the exponent of the rate of decay by the

exponent of the rate of decay of C(V L) to C0(V ) derived in Example IV.2, to get

EL(V ) ≤ − log max{(1 − 2p)2, 1 − t}.

By comparing the upper bound to EL(V ) with the lower bound for N = 1, we see that the two

bounds coincides for |1 − 2p| < 1 − t, thus giving the correct exponent for CN,L(V ) in this

regime. ♦

In order to obtain the best bound for any given N , AN should be chosen to have the smallest

rank possible. A possible choice is to take AN = A⊗N
1 and δN = δN

1 . With this the bound

in (26) reduces to

CN,L(V ) ≤
(
1 − (1 − δN

1 )L−1
)
log rank(A1) + (1 − δN

1 )L−1C(V )

since rank
(
AN

)
=
(
rank(A1)

)N
. However, the choice AN = A⊗N

1 does not give the best

possible bound for CN,L(V ) in (26) in general, as we show in Example VI.2.

Example VI.2. Consider again the “pentagon” channel introduced in Example V.2. For N = 1

we can find a matrix A1 with rank(A1) = 3. However, for N = 2 we can find a matrix A2

with rank(A2) = 8 < rank(A1)
2 = 9. ♦

Note that for any matrix AN such that (25) holds we have

1

N
log M0(V

⊗N) = lim
L→∞

CN,L(V ) ≤ log rank(AN)

N
. (29)

If for some N we find rank(AN) = M0(V
⊗N) (like in Example VI.1), then the bound in (26),

is strictly between C∞,L(V ) = C(V ) and CN,∞(V ) = 1/N log M0(V
⊗N). In this case, the

decay of CN,L(V ) to CN,∞(V ) is exponentially fast in L. We have already seen in Section IV-C

that if we impose the constraint that all {Mi}L−1
i=1 are identical then the limiting capacity is

achieved exponentially fast in L, and we gave tight upper and lower bounds on the exponent.

If rank(AN) = M0(V
⊗N ) for some N , then exponential decay also applies to non identical

processing. The exponent that can be derived from (26), namely EL ≥ − log(1−δN ), is however

not tight in general.

The problem of finding the matrix AN with minimum rank is equivalent to the Set Cover Prob-

lem described as follows [26]. Given a universe U of n elements, a collection S = {S1 . . .Sm}
of subsets of U , and a cost function for each subset in S, find a minimum cost subcollection
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of S that covers all the elements in U . This problem can be formulated as an integer program

as follows. Assign a variable xi for each set Si ∈ S, where xi = 1 if set Si takes part in the

subcollection and xi = 0 otherwise. The constraint is that every elements in U must belong to

at least one of the picked sets Si. The set cover problem and its Linear Program (LP) relaxation

(Primal) are provided in Table I, for the special case where the cost of all sets is one, which is

the case of interest here. A variety of approximation algorithms are available in the literature for

the set cover problem [26]. Those algorithms run in polynomial time and provide approximations

with gap at most log n from the optimal solution.

In our case, the universe U is the set of n = |X |N inputs of the channel V ⊗N . The set of

m = |Y|N outputs defines S, in that the subset Si contains the inputs that result with nonzero

probability in output i, for i = 1, ..., m.

The solution of the set cover problem in our case provides us with a set of outputs that cover all

inputs. Indeed, let OPTAN
denote the minimum cost of the set cover problem. We can construct

a matrix AN that has rank OPTAN
as follows. Take the binary matrix dV ⊗Ne, where the ceiling

operation is component-wise. To construct matrix AN , replace with the all-zero columns those

columns of dV ⊗Ne that correspond to outputs where xi = 0 in the set cover problem. Then

normalize all rows so that they sum to one. The matrix AN contains OPTAN
nonzero columns

and m − OPTAN
all-zero columns, and thus rank(AN) = OPTAN

. Moreover, AN is a valid

stochastic matrix because its nonzero columns “cover” all inputs, i.e., each row has at least one

nonzero element, and all rows sum to one. Choose δN to be the largest number such that the

matrix

BN =
1

1 − δN
(V ⊗N − δNAN)

is a valid stochastic matrix. It is easy to see that this δN is at least as large as the minimum

of the entries of V ⊗N that correspond to a non-zero entry in AN . Moreover, by using one of

the available approximation algorithms, we can calculate in polynomial time a matrix AN that

has rank bigger than the minimum by a factor of at most log n = N log |X |. As we are really

interested in log(rank(AN))/N this implies that the loss we incur by using these approximation

algorithms to find a AN matrix goes to zero as N → ∞.

The problem of finding the matrix AN with minimum rank is closely related to computing

M0(V
⊗N). To see this, consider the (strong) LP dual of the set cover LP relaxation described
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TABLE I

MAXIMUM INDEPENDENT SET PROBLEM, SET COVER PROBLEM, AND THEIR LP RELAXATIONS.

Set Cover Problem LP Relaxation (Primal)

min
P

i
xi min

P

i
xi

P

i:u∈Si
xi ≥ 1, ∀u ∈ U

P

i:u∈Si
xi ≥ 1, ∀u ∈ U

xi ∈ {0, 1}, ∀i 0 ≤ xi ≤ 1, ∀i

Max Independent Set Problem LP Relaxation (Dual)

max
P

j
yj max

P

j
yj

P

j∈Si
yj ≤ 1 ∀Si ∈ S

P

j∈Si
yj ≤ 1 ∀Si ∈ S

yj ∈ {0, 1}, ∀j 0 ≤ yj ≤ 1, ∀j

in Table I. The dual LP is the LP relaxation of the Maximum Independent Set Problem. The

maximum independent set problem takes as input a graph adjacency matrix and calculates the

graph independence number. We already pointed out in in Section II-A that M0(V
⊗N) is the

independence number of the graph G(V ⊗N). This maximum independent set problem can be

formulated as an integer program as follows. Assign a variable yj for each vertex of the graph,

yj = 1 if the vertex takes part in the independent set and yj = 0 otherwise. The constraint is

that no two picked vertices are connected with an edge.

For our purposes we use the adjacency matrix corresponding to the graph G(V ⊗N). The

solution of the maximum independent set problem for G(V ⊗N) directly leads to the construction

of an optimal zero-error code of length N for the channel V . Denote by OPTM0
this optimal

solution. Obviously, OPTAN
is lower-bounded by OPTM0

. In fact, OPTAN
is the minimum

number of outputs such that all inputs are covered. Since all inputs are covered, this implies that

any OPTAN
+ 1 inputs have at least one output in common. Thus OPTM0

≤ OPTAN
.

Note that, in the instances where the integrality gap between the maximum independent set

problem and its LP relaxation is small, then there exists a matrix AN such that rank(AN) ≈
M0(V

⊗N), i.e., the inequality in (29) becomes an equality.

B. Lower Bound

We next derive a lower bound on CN,L(V ). To do so, we choose a particular (possibly

suboptimal) communication scheme and find a lower bound on the rate achievable with this

scheme. Assume we use an inner encoder ME at the source A0 and a corresponding maximum
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likelihood decoder MD at the relay A1. At A1 the message is then re-encoded using again ME

and transmitted over the second channel. We continue in the same manner at every Ai, and the

destination AL uses an inner decoder MD. This corresponds to using intermediate processing

Mi = M = MDME for all i. The rate r of this inner code is determined by ρ, the rank of

M , through

ρ = exp(Nr).

Note that this scheme constructs an overall channel

Weq = (MEWMD)L = QL

with Q , MEWMD ∈ Sρ,ρ. The source A0 and the destination AL will then use an outer code

over the channel QL.

Using random coding arguments [17], we know that there exist good codes (defined by the

tuple (ME, MD)) in the sense that the average probability of decoding error is bounded by

Pe(r) ≤ exp
(
− NEr(r)

)
, δ(r),

where Er(·) is the random coding error exponent for the channel V as a function of the rate

r. We use such a good code as our inner code. With this, we know that the trace of Q is

lower bounded by ρ(1− δ(r)), but unfortunately this results gives no information about the off-

diagonal entries of Q. To get a lower bound on the achievable rate, we will construct the worst

cascade QL such that Q satisfies the trace constraint. This worst cascade is found in Appendix

Lemma II.1, whose proof is in Appendix II. The resulting lower bound for CN,L(V ) is given in

the next theorem.

Theorem VI.2.

CN,L(V ) ≥ max
r∈[0,C(V )]

r
(
1 − δ(r)

)L − 1

N
, (30)

and for N → ∞ the bound is tight, i.e.,

lim
N→∞

max
r∈[0,C(V )]

r
(
1 − δ(r)

)L − 1

N
= C(V ). (31)

Proof: Let W1(a) be the set of stochastic matrices QL such that tr(Q) ≥ ρa, i.e.,

W1(a) , {W̃ : W̃ = QL, Q ∈ Sρ,ρ, tr(Q) ≥ ρa}
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and W2(a) be the set of stochastic matrices Q such that tr(Q) ≥ ρaL, i.e.,

W2(a) , {W̃ : W̃ ∈ Sρ,ρ, tr(W̃ ) ≥ ρaL}.

For any Q ∈ Sρ,ρ with tr(Q) ≥ ρa

tr(QL) =
∑

i1,...,iL−1,j

qji1qi1i2 · · · qiL−1j ≥
∑

j

qL
jj ≥ ρaL,

where qji = [Q]j,i. Hence W1(a) ⊂ W2(a) and therefore

CN,L(V ) ≥ 1

N
inf

fW∈W1(1−Pe(r))
max

p
I(p, W̃ )

≥ 1

N
min

fW∈W2(1−Pe(r))
max

p
I(p, W̃ )

≥ 1

N
max

p
min

fW∈W2(1−Pe(r))
I(p, W̃ ). (32)

The minimization in (32) can be solved using Appendix Lemma II.1. If (1−Pe(r))
L ≤ 1/ρ the

worst channel is 1
ρ
11

T , and capacity is (trivially) lower bounded by 0. Else the worst channel has

diagonal entries equal to (1− Pe(r))
L and all other entries equal to (1− (1− Pe(r))

L)/(ρ− 1).

In both cases the minimizer is a symmetric channel [1]. For symmetric channels the capacity is

given by

log(ρ) − H(w̃1),

where w̃1 is the first row of the minimizing channel matrixW̃ . Thus the expression in (32) can

be calculated as

1

N

(
log ρ −

(
1 − (1 − Pe(r))

L
)
log(ρ − 1) −H

(
(1 − Pe(r))

L
))

≥ r(1 − Pe(r))
L − 1

N

≥ r
(
1 − δ(r)

)L − 1

N
,

where the above bound is valid for all values of the inner code rate r such that

(
1 − Pe(r)

)L ≥
(
1 − δ(r)

)L ≥ 1/ρ.

If
(
1 − δ(r)

)L ≤ 1/ρ the bound becomes

log(ρ)

N

(
1 − δ(r)

)L − 1

N
≤ 1

N

( log(ρ)

ρ
− 1
)
≤ 0.
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Hence the bound is also (trivially) valid in this range, and we can maximize over r ∈ [0, C(V )],

thus showing that

CN,L(V ) ≥ sup
r∈[0,C(V )]

r
(
1 − Pe(r)

)L − 1

N
.

As Er(r) is continuous in r [17], r
(
1− δ(r)

)L
is continuous in r as well. Moreover, the set of r

over which we optimize is compact, and hence we can replace the sup with a max, proving (30).

We will now show that the bound is tight as N → ∞. As Er(r) is strictly positive for all

r < C(V ) [17], we have for every ε ≥ 0

lim
N→∞

(
C(V ) − ε

)(
1 − exp

(
− NEr(C(V ) − ε)

))L

− 1

N
= C(V ) − ε.

As ε is arbitrary (31) follows.

Example VI.3. Consider a cascade of L = 2 BSC(p). Figure 5 compares for this channel the

lower bound derived in this section with the forwarding capacity C1,2(V ) (i.e, M = I) and the

min-cut capacity C(V ) (achievable when N → ∞). It can be seen that, while the lower bound

is not very good for small values of N , it is quite good for larger values of N and tight as

N → ∞.

Lower Bounds
C(V )

C1,2(V )

p
0.50.40.30.20.10

1

0.8

0.6

0.4

0.2

0

Fig. 5. Lower bounds on capacity for different values of blocklength N ∈ {102, 103, 104} (from bottom to top in the figure).

Also shown are the min-cut upper bound C(V ) and the forwarding lower bound C1,2(V ). Note that the lower bound derived

in this section is not very good for small values of N . Indeed for N = 100 the forwarding lower bound yields better results

for some values of p. The bound is, however, tight for N → ∞ and is equal to the min-cut capacity in this case.

How fast this convergence of the lower bound to the limiting expression and upper bound

C(V ) takes place as a function of N is depicted in Figure 6 for various values of crossover
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probability p. It can be seen that the lower bound is already quite close to the limiting expression

for N ≥ 104. ♦

N
104103

1

0.8

0.6

0.4

0.2

0

Fig. 6. Lower bounds on capacity for different values of crossover probability p ∈ {0.01, 0.1, 0.3} (from top to bottom in

the figure, solid lines) as a function of blocklength N of intermediate processing. Also shown are the corresponding limiting

expressions C(V ) (dashed lines).

VII. SCALING LAWS

In this section, we investigate how the blocklength N needs to scale with the network length

L in order to achieve a constant fraction of the min-cut capacity, as opposed to the zero error

capacity. We will show that logarithmic growth of N with L is sufficient, and in many cases

also necessary.

Any rate strictly below the zero error capacity can be achieved with finite blocklength process-

ing, because the limit superior in the definition of zero error capacity in (2) is a true limit [16].

Here we are interested in rates that indeed need an infinite blocklength. Hence, for any α ∈ [0, 1]

we define

N?(L, α) , inf {N : CN,L(V ) ≥ (1 − α)C0(V ) + αC(V ) , R(α)}.

The next theorem gives an upper bound on N ?(L, α), establishing that logarithmic growth of

N with L is sufficient to achieve R(α).

Theorem VII.1. For every ε > 0 there is a N0 such that for all N ≥ N0

N?(L, α) ≤ min
r∈[R(α)+ε,C(V )]

1

Er(r)
log

(
L

1 − R(α)+ε
r

)
(33)
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is sufficient to achieve R(α).

Proof: Theorem VI.2 asserts that for any r ∈ [0, C(V )]

CN,L(V ) ≥ r
(
1 − exp

(
− N Er(r)

))L

− 1

N
. (34)

Since the right hand side of (34) is always smaller than r, in order to attain R(α), r must satisfy

r ≥ R(α). By setting the right hand side of (34) equal to R(α), and by using the fact that

(1 − x)L ≥ 1 − Lx for all x ∈ [0, 1], we get

log

(
1 − R(α) + 1

N

r

)
≤ log(L) − N Er(r).

Hence, for every ε > 0 there exists and N0 such that for all N > N0

N ≤ 1

Er(r)

(
log(L) − log

(
1 − R(α) + ε

r

))
. (35)

But since this is true for all r ∈ [R(α) + ε, C(V )], we can minimize the right hand side of (35)

over r to get the tightest bound. Since the right hand side of (35) is a continuous function of r

and the optimization set is compact, the result in (33) follows.

Notice that by solving (34) for L, we get also that for fixed N to guarantee a rate R we can

cascade at most

L ≤ max
r∈[R+ 1

N
,C(V )]

1

Pe(r)

(
1 − R + 1

N

r

)

channels. This last result is interesting as it recovers, as a special case, a scaling law for the Z

channel derived in [12].

The next theorem establishes that logarithmic growth of N with L is necessary to achieve

R(α) for all α ≥ βm where βm is a non-negative constant.

Theorem VII.2.

N?(L, α) ≥
log(L − 1) − log log 1

α−βm

1
m

log 1
δm

(36)

is necessary to achieve R(α) for all

α ≥ βm ,
1
m

log rank(Am) − C0(V )

C(V ) − C0(V )
,

where m is any integer such that the matrices Am, Bm ∈ S|X |m,|Y|m, and the real-valued constant

δm ∈ [0, 1] in the decomposition

V ⊗m = δmAm + (1 − δm)Bm
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satisfies C0(V ) ≤ log rank(Am)/m ≤ C(V ) and δm > 0.

Proof: From Theorem VI.1,

CN,L(V ) ≤
(
1 − (1 − δN/m

m )L−1
) 1

m
log rank(Am) + (1 − δN/m

m )L−1C(V ).

In order to achieve R(α) =
(
1 − α

)
C0(V ) + αC(V ) it is hence necessary that

(
1 − α

)
C0(V ) + αC(V ) ≤

(
1 − (1 − δN/m

m )L−1
) 1

m
log rank(Am) + (1 − δN/m

m )L−1C(V ).

By re-arranging the different terms, we get

α −
1
m

log rank(Am) − C0(V )

C(V ) − C0(V )︸ ︷︷ ︸
,βm

≤ (1 − δN/m
m )L−1 C(V ) − 1

m
log rank(Am)

C(V ) − C0(V )︸ ︷︷ ︸
,γm

.

If the value of m is such that the hypothesis of the theorem are satisfied we have that βm ∈ [0, 1]

and γm ∈ [0, 1], and hence

(1 − δN/m
m )L−1 ≥ α − βm.

By using the fact that − log(1 − x) ≥ x for all x ∈ [0, 1], we get that for all α ≥ βm

log
1

α − βm

≥ (L − 1) log
1

1 − δ
N/m
m

≥ (L − 1) δN/m
m ,

and hence

N
1

m
log

1

δm
≥ log(L − 1) − log log

1

α − βm
,

from which the result in (36) follows.

Notice that, since we are interested in the regime N � 1, the assumptions of the theorem about

the integer m can be relaxed to limm→∞ 1/m log rank(Am) ≤ C(V ) and lim supm→∞ −1/m log δm >

0. The inequality in (29) already implies that C0(V ) ≤ limm→∞ 1/m log rank(Am).

Example VII.1. Consider again the “pentagon” channel introduced in Example V.2. In Exam-

ple VI.2 we showed that a decomposition with log rank(A2) = 8 exists (here C(V ) = log 5 and

C0(V ) = 1/2 log 5). Hence

β2 =
1
2
log rank(A2) − C0(V )

C(V ) − C0(V )
=

log 8/5

log 5
= 0.292,

showing that logarithmic growth of N with L is necessary to achieve any R(α) with α ≥ 0.292.

With m = 2, Theorem VII.2 does in this case not allow to state that logarithmic growth is

necessary in the range α < 0.292.
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♦

Example VII.2. Scaling Laws for Line Networks of Binary Symmetric Channels

Consider a cascade of L BSC(p) as in Example II.1. We know that any finite length processing

performed at every node in the network will result in a zero end-to-end rate as L → ∞.

For example, if all the nodes use the encoder ME followed by the decoder MD of a length-

N repetition code, including the source and the destination, the original network of BSCs is

equivalent to a network of DMCs with transition probability matrix MEV ⊗NMD corresponding

to a BSC(pN). The eigenvalues of a BSC(pN) transition probability matrix are {1, 1 − 2pN}.

Hence, since there is only one eigenvalue of maximum modulus, the end-to-end achievable rate

tends to log D(MEV ⊗NMD) = log 1 = 0. This limiting value is reached exponentially fast for

any fixed finite N , with exponent depending on 1 − 2pN , i.e.,

1

N
C

(
1 − (1 − 2pN)L

2

)
≈ 1

2N
(1 − 2pN)2L =

1

2N
exp (L 2 log |1 − 2pN |) → 0 as L → ∞

From Theorem VII.1, we see that logarithmic growth of N with L is sufficient to achieve

any fraction of the min-cut capacity. We will now show that N = Θ
(
log L

)
but also necessary

to achieve any positive fraction of the min-cut capacity. We proceed as follows. The equivalent

channel matrix between any pairs of nodes is V ⊗N whose smallest entry is pN . By collecting

pN from all the entries of V ⊗N , we can write

V ⊗N = pN
11

T +
(
1 − (2p)N

)
B,

for some stochastic matrix B ∈ S2N ,2N , and where 1 is the all one column vector of length 2N .

By using this decomposition we get from Theorem VII.2 that

N∗(L, α) ≥ (L − 1) − log log 1
α

log 1
δ

,

with δ , 2p. Hence logarithmic growth of N with L is necessary for all positive rates. ♦

VIII. CONCLUSIONS

In this paper, we investigated communication through a cascade of L channels, where inter-

mediate nodes can perform a processing of finite complexity, where complexity is measured by

the processing length N .

When N is fixed, L goes to infinity, and all relays use the same processing, we showed that

the limiting capacity can be easily computed as the logarithm of the number of eigenvalues of
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maximum modulus of the equivalent channel transition probability matrix that comprises the

intermediate processing as part of the channel. We also showed how the rate of decay to the

limiting capacity is related to the second largest eigenvalue modulus of the equivalent channel

transition probability matrix.

When N is fixed and L goes to infinity, we showed that the optimal finite complexity

processing is identical at each relay and corresponds to the use of an optimal zero error code

of blocklength N for the underlying channel. The resulting limiting capacity is then the rate of

this zero error code and can never exceed the zero error capacity of the underlying channel.

We also derived bounds on the capacity of finite length cascades and used them to show that

logarithmic growth of N with L is sufficient to achieve any constant fraction of the min-cut

capacity above the zero error capacity. Moreover, we showed that for rates above some threshold,

logarithmic growth is also necessary. We conjecture that logarithmic growth is in fact necessary

to achieve any rate above the zero error capacity. To prove our conjecture, a tighter upper bound

on capacity is needed.

The fact that for a fixed intermediate processing the decay to the limiting capacity is expo-

nential contrasts the logarithmic scaling law found for the optimal N as a function of L and

emphasizes the importance of a well chosen intermediate processing at the relays.

In this work, we did not address the problem of identifying the optimal processing for any

finite pair (N, L), that is very interesting but combinatorial in nature. We view this work as a

first step towards a more comprehensive understanding of how we should efficiently use limited

network resources to achieve reliable communication. In our setting, resources are constrained

in terms of complexity of intermediate node processing. Extending this work for more general

(other than line) networks, and more general traffic configurations and resource constraints is

part of ongoing work.
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APPENDIX I

PROOF OF THEOREM IV.5

The proof of Theorem IV.5 will be broken up in several lemmas. The first lemma proves the

lower bound in Theorem IV.5.

Appendix Lemma I.1. For any stochastic matrix Q

EL(Q) ≥ − log |λ2(Q)|.

Proof: Assume, without loss of generality, that Q is in canonical form with diagonal

irreducible submatrices {Pi} with periods {di}. Call d the least common multiple of the {di}.

Equation (15) asserts that we can consider powers of Q which are a multiple of d, that is,

EL(Q) = lim inf
L→∞

− 1

dL
log
(
C(QdL) − C(Q∞)

)
.

From Lemma IV.1

QdL = Q∞ + E(dL),

where, from Lemma IV.2, the components of E(dL) converge to 0 exponentially fast in L with

exponent no smaller than

− log |λ2(Q
d)| = −d log |λ2(Q)|. (37)

We will now use an upper bound on capacity from [27], which states that

C(Q) ≤ log
∑

y

max
x

q(y|x).

It is easily seen that the maximum entry of every column of Q∞ lies in the corresponding

diagonal block. Moreover, the exponents of the entries in E(dL) are all lower bounded by (37).

Thus, for some polynomial b(L),

C(QdL) ≤ log
(
D(Q) + b(L) exp

(
dL log |λ2(Q)|

))
,

where D(Q) is the number of primitive diagonal blocks of Qd, and where we used the fact that

the stationary distribution of each such diagonal block sums to one. Recall that D(Q) is also the
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number of eigenvalues of modulus one of the matrix Q (and Qd) and that, from Theorem IV.4,

C(Q∞) = log D(Q). Then

log

(
log
(
D(Q) + b(L) exp

(
dL log |λ2(Q)|

))
− log(D(Q))

)

= log

(
log
(
1 + b̃(L) exp

(
dL log |λ2(Q)|

)))

≤ log
(
b̃(L) exp

(
dL log |λ2(Q)|

))
,

where b̃(L) , b(L)/D(Q) and we used the expansion of log(x). Thus we get that

EL(Q) ≥ − log |λ2(Q)|

as lim infL→∞− 1
dL

log b̃(L) = 0.

As a next step, we will restrict attention to primitive matrices Q, for which we can find the

exponent EL(Q) exactly.

Appendix Lemma I.2. If Q is a primitive stochastic matrix then

EL(Q) = −2 log |λ2(Q)|.

Proof: We will first show that EL(Q) ≥ −2 log |λ2(Q)|. From Lemma IV.1 and IV.2

QL = 1π + E(L), (38)

where the components of E(L) converge to 0 exponentially fast with exponent − log |λ2(Q)| and

where the row vector π is the (unique) stationary distribution of Q. Define the set

A(β) , {Q̃ : Q̃ ∈ Sm,m, |q̃ij − πj| ≤ β}.

Note that, for L large enough, QL ∈ A
(
b(L)|λ2(Q)|L

)
for some polynomial b(L). We will use

β , b(L)|λ2(Q)|L in the following. With this

C(QL) ≤ max
eQ∈A(β)

C(Q̃)

= max
eQ∈A(β)

max
p

I(p, Q̃)

= max
eQ∈A(β)

min
pY

max
x∈X

D
(
Q̃(·|x)‖pY

)

≤ max
eQ∈A(β)

max
x∈X

D
(
Q̃(·|x)‖π

)

= max
eQ∈A(β)

D
(
Q̃(·|0)‖π

)
,
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where we have used the minimax formula for capacity [28] (Problem 2.3.1, page 147) and the

symmetry of the set A(β).

Call q̃0 , Q̃(·|0). The last maximization over all Q̃ ∈ A(β) can equivalently be expressed as

maximization over all q̃0 = π+a with |ai| ≤ β and assuming β ≤ πi for all i. By the convexity

of divergence in both of its arguments, the maximizing q̃0 must be an extreme point of the set

of admissible distributions. Hence ai ∈ {±β, 0} with at most one ai = 0 and all ai 6= 0 if m is

even. Call I− the set of indices i such that ai = −β and I+ the set of i such that ai = β. Note

that |I−| = |I+|. With this, we can continue the above chain of inequalities

C(QL) ≤
∑

i∈I+

(πi + β) log
(
1 +

β

πi

)
+
∑

i∈I−

(πi − β) log
(
1 − β

πi

)

≤
∑

i∈I+

(πi + β)
β

πi
−
∑

i∈I−

(πi − β)
β

πi

≤β2
∑

i

1

πi
,

where we have used the inequality log(1 + x) ≤ x. Call A ,
∑

i
1
πi

. As Q is primitive, all

components of π are strictly positive. Thus A < ∞ and we get

lim inf
L→∞

− 1

L
log C(QL) ≥ lim inf

L→∞
− 1

L
log
(
(b(L)|λ2(Q)|L)2A

)

= −2 log |λ2(Q)|.

We will now show that EL(Q) ≤ −2 log |λ2(Q)|. As before, we will use Lemma IV.2. Pick

an arbitrary row of QL, say q(L)(·|x0). By (38) we can write for L large enough

q(L)(y|x0) = π(y) + βy,

with
∑

y βy = 0 since the matrix is stochastic, and

βy , by(L)|λ2(Q)|L (39)
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for some polynomials by(L). Using the fact that for the stationary distribution of a Markov chain

πQL = π we have

C(QL) = max
p

I(p, QL)

≥ I(π, QL)

=
∑

x,y

π(x)q(L)(y|x) log
q(L)(y|x)∑

x̃ π(x̃)q(L)(y|x̃)

=
∑

x

π(x)
∑

y

q(L)(y|x) log
q(L)(y|x)

π(y)
.

As
∑

y

q(L)(y|x) log
q(L)(y|x)

π(y)

is a divergence and hence nonnegative for every x, we can further lower bound C(QL) by

C(QL) ≥
∑

y

π(x0)
(
π(y) + βy

)
log
(
1 +

βy

π(y)

)

≥
∑

y

π(x0)
(
π(y) + βy

)( βy

π(y)
−

3β2
y

4π(y)2

)

=
∑

y

π(x0)

π(y)

(1

4
β2

y − 3

4π(y)
β3

y

)
,

where we have used the inequality ln(1+x) ≥ x− 1
2
x2 ≥ x− 3

4
x2 in the second last step, which

is valid for all x ≥ −ε for some ε > 0 and the fact that
∑

y βy = 0. As Q is primitive, all

π(y) are strictly positive and hence, for L large enough, |βy/π(y)| ≤ ε for any ε > 0. As the

β2
y term will dominate the β3

y term for large L, we get using (39)

lim inf
L→∞

− 1

L
log C(QL) ≤ −2 log |λ2(Q)|.

Finally, the next lemma proves the upper bound in Theorem IV.5. Together with the other lemmas

this concludes the proof of Theorem IV.5.

Appendix Lemma I.3. Let Q be a stochastic matrix and call Q̃ the stochastic matrix obtained

by deleting all inessential indices from Q. Then

EL(Q) ≤ −2 log |λ2(Q̃)|,
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with equality if Q = Q̃.

Proof: Call {P̃i} the diagonal irreducible submatrices of Q̃ and let {di} be their corre-

sponding periods. Define d to be the least common multiple of the {di}. Recall that D(Q) =

D(Q̃) =
∑

i di is the number of eigenvalues of modulus one of matrix Q, and that, from

Theorem IV.4, limL→∞ C(QL) = log D(Q). For simplicity of notation we will use D , D(Q)

in the following.

Construct Q̂ , Q̃d and call {P̂i}D
i=1 its primitive diagonal submatrices. By (15), we can

consider the powers of Q̂ instead of Q̃. We will first lower bound C(QL) by restricting the

support of the input distribution to contain only essential indices of Q. Equivalently, we reduce

Q to the stochastic matrix Q̃, containing only the essential indices of Q. Now Q̂ is a block

diagonal stochastic matrix for which, as it is a sum channel [17], we can compute capacity in

terms of the capacity of its diagonal blocks {P̂i}D
i=1. From this, we have

C(QdL) ≥ C(Q̃dL) = log

D∑

i=1

exp C(P̂ L
i ).

Hence

EL(Q) = lim inf
L→∞

− 1

dL
log
(
C(QdL) − log(D)

)

≤ lim inf
L→∞

− 1

dL
log
(
log
( D∑

i=1

exp C(P̂ L
i )
)
−log(D)

)

= lim inf
L→∞

− 1

dL
log
(

log
( 1

D

D∑

i=1

exp C(P̂ L
i )
))

, (40)

and we know from Appendix Lemma I.2 that

C(P̂ L
i ) = bi(L) exp

(
2L log |λ2(P̂i)|

)

for some polynomial bi(L) ≥ 0.

We will now prove an auxiliary result, showing that for any ai ≥ 0 and polynomials bi(L) ≥ 0

we have

lim
L→∞

− 1

L
log log

( 1

D

D∑

i=1

exp
(
bi(L) exp(−Lai)

))
= min

i
ai. (41)

December 22, 2005 DRAFT



48

We will first show that the left hand side of (41) is upper bounded by aj , mini ai. As the

arithmetic mean is greater than or equal to the geometric mean, we have

lim
L→∞

− 1

L
log log

( 1

D

D∑

i=1

exp
(
bi(L) exp(−Lai)

))

≤ lim
L→∞

− 1

L
log log

( D∏

i=1

exp
( 1

D
bi(L) exp(−Lai)

))

= lim
L→∞

− 1

L
log
( D∑

i=1

1

D
bi(L) exp(−Lai)

)

≤ lim
L→∞

− 1

L
log
( 1

D
bj(L) exp(−Laj)

)

= aj.

We will now show inequality in the other direction. For x positive and small enough there exists

a ε > 0 such that exp(x)− 1 ≤ x(1 + ε). Also, log(1 + x) ≤ x. From this, we have for L large

enough

lim
L→∞

− 1

L
log log

( 1

D

D∑

i=1

exp
(
bi(L) exp(−Lai)

))

= lim
L→∞

− 1

L
log log

(
1+

1

D

D∑

i=1

(
exp
(
bi(L) exp(−Lai)

)
−1
))

≥ lim
L→∞

− 1

L
log log

(
1 +

1 + ε

D

D∑

i=1

bi(L) exp(−Lai)
)

≥ lim
L→∞

− 1

L
log
(1 + ε

D

D∑

i=1

bi(L) exp(−Lai)
)

≥ lim
L→∞

− 1

L
log
(
(1 + ε)bj(L) exp(−Laj)

)

= aj.

Together, this proves the auxiliary result.
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Assume that |λ2(P̂j)| , maxi |λ2(P̂i)| for all i. Then using the auxiliary result we get

from (40) and (41)

EL(Q) ≤ −2

d
log |λ2(P̂j)|

= −2 log |λ2(P̂j)
1/d|

= −2 log |λ2(Q̃)|,

where the last equality holds as the eigenvalues of Q̂ are the the eigenvalues of Q̃ raised to the

power d and as the eigenvalues of a block diagonal matrix are the union of the eigenvalues of its

diagonal blocks. Moreover, we have equality in (40) (the only inequality used in the derivation)

if Q = Q̃.

APPENDIX II

PROOF OF LEMMA II.1

In this lemma, we derives conditions for a channel W to be the worst under certain constraints.

More specifically, consider a set Ω of (x, y) pairs and define

W ,
{
W : W ∈ Sn,n, w(y|x) ≥ a(x, y),

∑

(x,y)∈Ω

(
w(y|x)− a(x, y)

)
≥ b
}

for some fixed function a(x, y) and fixed constant b.

Appendix Lemma II.1. The pair (p, W ) is the solution to the minimax problem

min
W∈W

max
p

I(p, W )

if and only if p and W are valid (i.e., p is a distribution on X and W ∈ W) and if they satisfy

the following conditions:

p(α) log
w(γ|α)∑

x̃ p(x̃)w(γ|x̃)





= µ(α) + 1Ω(α, γ)λb, if w(γ|α) > a(α, γ)

≥ µ(α) + 1Ω(α, γ)λb, if w(γ|α) = a(α, γ)
(42)

for all α ∈ X , γ ∈ Y , for some vector µ and for some λb ≥ 0 such that
( ∑

(x,y)∈Ω

(
w(y|x)− a(x, y)

)
− b
)
λb = 0 (43)

and
∑

y

w(y|x) log
w(y|x)∑

x̃ p(x̃)w(y|x̃)





= C, if p(x) > 0

≤ C, if p(x) = 0
(44)
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for some C ≥ 0.

Proof: The set of matrices W and the set of possible distributions p are both defined by

linear inequalities and equalities and are hence convex sets. This implies, together with the fact

that mutual information is convex in the channel transition probability matrix and concave in

the input distribution, that

min
W∈W

max
p

I(p, W ) = max
p

min
W∈W

I(p, W ).

Moreover, for every fixed p,

min
W∈W

I(p, W )

is a convex minimization problem in W , and the Kuhn-Tucker conditions are necessary and

sufficient for optimality [29]. The Lagrangian of the minimization problem is given by

∑

x,y

p(x)w(y|x) log
w(y|x)∑

x̃ p(x̃)w(y|x̃)
−
∑

x,y

(
w(y|x)− a(x, y)

)
λa(x, y)

−
( ∑

(x,y)∈Ω

(
w(y|x)− a(x, y)

)
− b
)
λb −

∑

x,y

(
w(y|x)− 1

|X |
)
µ(x). (45)

To compute the Kuhn-Tucker conditions, we will have to find the derivative of (45) with respect

to W , which can be found to be

p(α) log
w(γ|α)∑

x̃ p(x̃)w(γ|x̃)
− λa(α, γ) − 1Ω(α, γ)λb − µ(α). (46)

The Kuhn-Tucker conditions for optimality require then that (46) is equal to zero for all α, γ

and for λa(α, γ), λb ≥ 0 together with the constraint that W ∈ W . Moreover, we have

complementary slackness, that is

(
w(γ|α) − a(α, γ)

)
λa(α, γ) = 0 (47)

for all (α, γ) and (43). As all the λa(α, γ) are nonnegative, (46) and (47) can be combined to

yield (42).

Similarly, we can derive Kuhn-Tucker conditions for the optimal p for a fixed W , as is done

for example in [17], to obtain (44). Together, (42) and (44) yield a set of necessary and sufficient

conditions for the optimal (p, W ) pair.

Example II.1. Consider the set W ⊂ Sn,n of stochastic matrices W with tr(W ) ≥ nb.
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If b > 1/n then

W ∗ =
1 − b

n − 1
11

T +
nb − 1

n − 1
I

is an element of W and together with p∗ = 1
n
1

T the pair (p∗, W ∗) satisfies the Kuhn-Tucker

condition given in Appendix Lemma II.1. Hence W ∗ is the worst channel in the set W and the

corresponding optimal input distribution is uniform.

If b ≤ 1/n then the worst channel is

W ∗ =
1

n
11

T ,

and the Kuhn-Tucker conditions are satisfied for the pair (p, W∗) for any choice of p. In this

case, the resulting capacity is always zero. ♦

APPENDIX III

CONNECTION BETWEEN THE ZERO ERROR CAPACITY AND COMMON INFORMATION

An intuitive interpretation of the results about infinitely long cascade of channels can be

obtained by introducing the concept of common information as defined in [24]. Consider random

variables X and Y with p as marginal distribution of X and V as conditional distribution.

Assume, for the moment, that the marginal distributions of X and Y are strictly positive. Partition

the input alphabet into disjoint sets X =
⋃

i Xi such that x and x′ are in the same Xi if there

exists a sequence a1, b1, a2, . . . , bn−1, an with aj ∈ X , bj ∈ Y , a1 = x, an = x′ such that
n−1∏

j=1

Pr[Y = bj|X = aj] Pr[X = aj+1|Y = bj] > 0.

Similarly, we partition Y =
⋃

i Yi. It is easily seen that from any given Xi there is only one Yj

such that

Pr[X ∈ Xi|Y ∈ Yj] = Pr[Y ∈ Yj|X ∈ Xi] = 1,

and we can always relabel one of the partitions such that this will be the case when i = j. This

is equivalent to saying that there exist two permutation matrices Π1 and Π2 such that

Π1diag(p)V Π2 =




P1 0 · · · 0 0

0 P2 · · · 0 0

...
. . .

... 0

0 0 · · · PD 0

0 0 · · · 0 0




, (48)
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where D is the cardinality of {Xi} (or, equivalently, {Yi}). Note that we have a zero block on

the diagonal of (48), which accounts for elements of X and Y occurring with probability zero

(i.e., for which the marginal distribution is zero). Define a random variable S taking values on

{1, . . . , D} with

Pr[S = i] , Pr[X ∈ Xi] = Pr[Y ∈ Yi].

The common information between X and Y is then defined to be [24]

J(p, V ) , H(S).

We will now derive a connection between the common information and the zero error capacity

of a channel.

Appendix Proposition III.1.

max
p

J(p, V ) = log M0

(
V
)
.

Remark. This result implies that

C0(V ) = sup
n

1

n
max

p
J(p, V ⊗n).

Hence zero error capacity can be defined through common information in a similar manner as

ordinary capacity can be defined through mutual information. The crucial difference is, however,

that for ordinary capacity we have a single letter characterization, whereas for zero error capacity

we have to take a supremum over all n.

Proof: From any triple p, Π1, Π2 as in the definition of common information we can

construct an encoder ME and a decoder MD which define a zero error code of rate log(D) ≥
H(S). Hence

max
p

J(p, V ) ≤ log M0

(
V
)
.

To show inequality in the other direction, note that for every encoder ME defining a zero

error code with rate log(D) there exists a p assigning all codewords of ME the same positive

probability and all other values in X probability zero. As the codewords of ME are non adjacent,

they all lie in different Xi. For this p, we have H(S) = log(D) and thus

max
p

J(p, V ) ≥ log M0

(
V
)
.
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As

I(p, V ) = H(X) − H(X|Y )

= H(X, S) − H(X|Y, S)

≥ H(X|S) + H(S) − H(X|S)

= J(p, V ),

we see that mutual information is always greater than or equal to common information. Appendix

Proposition III.1 and Theorem V.3 show, however, that when infinitely many (identical) channels

are to be cascaded, the two are the same. Hence as L → ∞, the only part of mutual information

we can preserve between the input and the output of the cascade is exactly the common

information between them.
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