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Abstract— We consider communication through a cascade of L
identical Discrete Memoryless Channels (DM Cs). The source and
destination node are allowed to use coding schemes of arbitrary
complexity, but the intermediate relay nodes are restricted to
process only blocks of N symbols. We are interested in the set of
length- N processing performed at the relays that maximize the
achievable rate between the source and the destination.

It iswell known [1] that for any finite L and N — oo therelays
can use a capacity achieving code and communicate reliably as
long astherate of thiscodeisbelow the capacity of theunderlying
DMC. The capacity of the cascade is hence equal to the network
min-cut capacity. In this work we summarize several results [2],
[3], [4], [5] on the capacity of infinite long line networks with
finite processing length N, and on scaling laws of N with L
necessary and sufficient to achieve a certain end-to-end rate.

We show [3] that for finite N and L — oo the capacity of the
cascade coincides with the highest rate zero-error code of length
N of the underlying DMC, and that it can be achieved by using
the same processing at each relay. In other words, the zero-error
capacity is the maximum achievable rate when the processing
length is restricted to be finite and the cascade is infinitely long.

We also characterize how N must scale with L in order to
achieve rates in between the zero-error and the min-cut capacity.
By considering a specific communication scheme with identical
processing at each relay, we show [4] that N = ©(logL) ! is
sufficient to achieve any rate below the min-cut capacity. By
developing a novel upper bound on the capacity of cascades
with optimal intermediate processing that applies for any (N, L)
pairs, we then show [5] that N = ©(log L) is necessary to achieve
certain rates above the zero-error capacity. We finally outline a
promising way to extend our logarithmic scaling law to any rate
above the zero-error capacity.

|. INTRODUCTION

Communication systems today are organized in large scale
networks, with Internet the most conspicuous example, where
information needs to traverse multiple hops in order to reach
its destination. Another such example are wireless ad-hoc
networks where the average number of hops between a source-
destination pair scales as the square root of the number of
nodes in the network [6]. Each of the hops may introduce
errors, that become more and more pronounced as the size of
the network grows.

Motivated by these observations, in [3] we investigated what
benefits finite complexity processing at intermediate nodes
may offer. We modeled the communication path between the
source and the destination as a line network that consists of L
cascaded identical DM Cs, and allowed each intermediate node
to process blocks of N symbols. Thisis areasonable definition
of complexity as it allows to bound not only processing

IWe use Knuth's notation: f(n) = O(g(n)) means that there exists
a constant ¢ and integer mp such that f(n) < cg(n) for n > ng.
f(n) = ©(g(n)) denotesthat f(n) = O(g(n)) aswell asg(n) = O(f(n)).

complexity, but also the delay and memory requirements at
intermediate nodes. Moreover, it is well suited to an environ-
ment where information is transmitted in packets.

In [3] we showed that if the network length increases (L —
o0) but the blocklength N is fixed, the optimal processing is
identical at each relay and corresponds to an optimal (highest
rate) zero-error code of length N. Thus, the capacity of the
cascade coincides with the rate of this code and it is aways
below the zero-error capacity of the underlying channel. The
zero-error capacity is the maximum rate at which information
can be communicated over a channel with zero probability
of error [8]. An intuitive interpretation of this result is that,
as L — oo, the zero-error capacity is the only part of the
transmitted information rate that we may hope to preserve. On
the other hand, when N — oo the relays can use a capacity
achieving code and communicate reliably as long as the rate
of this code is below the capacity of the DMC. That is, for
N — oo we can achieve the min-cut capacity [1].

Since the zero-error capacity and the min-cut capacity might
differ quite substantially, a natural question to ask is what
happensif we allow N to grow with L. In [4] we showed that
N = 0O(log L) is sufficient to achieve any rate below the min-
cut capacity. In order to do so, we assume that all nodes use
the same error correcting code of length V. Random coding
arguments [10] show that there exist good codes with average
probability of error decaying to zero exponentialy fast. We
use such a good code as our inner code. We then find a lower
bound on the achievable end-to-end rate with this scheme.
With this, we show that N = ©(log L) is sufficient for the
lower bound to tend to the min-cut capacity when L — oc.

In [5] we showed that N = O(log L) is necessary to
achieve certain rates above the zero-error capacity. We start
by deriving an upper bound on the capacity of cascades with
optimal intermediate processing that are valid for any L and
N. The main idea is to decompose the channel transition
matrix into alinear combination of two stochastic matrices and
develop an upper bound that depends on the smallest rank of
these two matrices. With this, we show that N = ©(log L) is
necessary for the upper bound to tend to the min-cut capacity
when L — oo, for certain rates above the zero-error capacity.

To extend out logarithmic scaling law to all rates above the
zero-error capacity, we develop here another upper bound that
deals directly with the mutual information between the source
and the destination. The idea is to provide some feedback
to the destination and show that the advantage provided by
feedback vanishes as IV increases.

The paper is organized as follows. Section Il introduces the
network model; Section Il derives the capacity for finite V



and L. — oo for identical intermediate processing; Section IV
derives the capacity for finite N and L — oo and optimal
intermediate processing; Section V presents upper and lower
bounds on the capacity with optimal intermediate processing
valid for any (N, L) pairs, which are then used in Section VI
to derive the scaling law. Section VII gives an example of
application of the derived theory. Section VIII concludes the

paper.

Il. NETWORK MODEL

We consider line networks with L. — 1 relays as depicted in
Figure 1. The source A, sends information to the destination
Ar viarelays {Ai}fz‘ll. Each link corresponds to the same
DMC with finite input alphabet X, finite output alphabet ),
and arbitrary transition probability matrix V. We assume that
all the DMCs in the cascade are the same.

We restrict the relays {Ai}fz‘ll to perform operations from
blocks of N symbols in ) to blocks of N symbols in X
in a memoryless fashion across blocks. Using N times the
channel V' between A; and A;,, amounts to connecting A;
and A;;; through an equivalent DMC with input alphabet
XN, output alphabet YV, and transition probability matrix
W £ V@N where ® denotes the Kronecker product. For
the node A;, we denote by X; € XV what the relay sends
and with Y; € YV what the relay receives. The output X
is then a (not necessarily deterministic) function of Y;. This
function can be described by a transition probability matrix
M; specifying for each redlization « of X; and y of Y; the
probability Pr[X; = z|Y; = y].

We allow the source Ay and the destination A, to perform
coding and decoding of arbitrary complexity, across a possibly
infinite number of symbols in X~ and Y.

We are interested in identifying the set of processings
{M;} ! that achieve

L—-1
Cnip(V)2 max %c (W I_II(MZ-W)>. 1)

{M’i}iLz_ll =
Here, C(Q) = max, I(p, Q) where p istheinput distribution
and Q the channel transition matrix.

In this paper, we also use the notion of the zero-error
capacity of the underlying channel V. The zero-error capacity
is defined in [8] as the maximum rate at which communication
is possible with zero probability of error and can be computed
as follows. For achannel with transition matrix V', we call two
input letters k£ and ¢ adjacent if there exists an output letter
j such that [V]],; > 0 and [V],; > 0. We then construct a
graph G(V') corresponding to the stochastic matrix V' having
as vertex set the possibleinputs of V' and in which two vertices
are connected by an edge if the corresponding input letters are
adjacent. Denote by M, (V') the largest number of input |etters
of V' no two of which are adjacent. The zero-error capacity
of Vis

Co(V') & sup % log Mo (V®™). 2

n

Xo Y, X Y>

Fig. 1. A line network with two channels and one relay (L = 2).

Clearly, for any DMC V, any intermediate processing of
length NV and any network length L, we have

FMo(VEN) < O (V) < C(V), ©)

The upper bound in (3) is achievable by using a capacity
achieving code at each node in the network. That no other
coding strategy can do better than C' (V') is clear from the min-
cut bound. Hence, the upper bound is tight for N — oo [1].
The lower bound in (3) is achievable by using the same zero-
error code of length N at each node in the network. We shall
prove that the lower bound is tight for L — oo and finite V.
It can be easily seen that:

Proposition 11.1 ([3]). The optimal intermediate processings
{Mi}f;ll can be taken to be deterministic functions, i.e., x; =
fi(y;) for some function f;(-) at the i-th relay.

Proposition I1.2 ([3]). Any deterministic processing of length
N and rank p can be interpreted as a decoding and re-
encoding operation of a rate log(p)/N code.

Hence, we shall restrict our attention to deterministic map-
pings of the form M; = M; p M; . We think of M; p asa
decoder (mapping the ||~ possible channel output symbols
into one of p; = rank(M;) possible “source” symbols), and
M;  as an encoder (mapping these p; “source” symbols back
into one of the | X'|V possible channel input symbols).

[11. CAPACITY OF INFINITE CASCADE OF IDENTICAL
CHANNELS WITHOUT INTERMEDIATE PROCESSING

In this section, we derive the capacity of an infinite cascade
of DMCs with sguare transition probability matrix Q, that
is, we compute lim 7, C(Q*). This case arises when either
the channel Q is cascaded with itself without any intermediate
processing, or it is the result of applying the same intermediate
processing at each relay, that is Q = MW M.

The limit limz .., C(Q%) can be easily evaluated when
considering the canonical decomposition of the non-negative
matrix @ and the limiting behavior of its powers. Namely,

Lemmalll.1([7]). For any non-negative matrix Q, there exist
a permutation matrix IT and an integer B such that

P 0 - 0 0
0o P, - 0 0
neum’ =| : S )
0 o0 Pz 0
R, Ry Rp S

where the submatrices P; and the matrix S are irreducible.



Furthermore, for each diagonal block P;, there exists an
integer d; > 1 (called period) such that, for any integer ¢ > 1,

Pilil o - 0
d. 0 0 137,{2 T 0
R R (®)
0 0 P!
i,d;

where the square matrices {Pi,j};l;l on the main diagonal
are primitive.

Lemma 111.2 ([7]). Let Q be a sguare stochastic matrix
in canonical form as in (4). If all the diagonal irreducible
matrices { P;}2 | have period d; = 1, thenlim ., Q* exists
and it is a matrix with rank equal to B.

Moreover, the convergence to the limit limz_. Q% is
exponentially fast in L. The exponent is a function on the
Second Largest Eigenvalue Modulus (SLEM), that is, the
eigenvalue of @ with largest modulus strictly less than one.

Lemma I11.1 and Lemma 111.2 imply that:

Corollary 111.3 ([3]). For a square stochastic matrix Q

B
> di= rank(Llim Q") = D(Q), (6)
i=1 e
where D(Q) is the multiplicity, algebraic and geometric, of
A1(Q) = 1 and d is the least common multiple of d4, -+ -, dp.

From Corollary 111.3 we can prove that:

Theorem 111.4 ([3]). For a square stochastic matrix @ let
D(Q) denote the number of eigenvalues on modulus 1. Then
lim C(QY) =log D(Q). 7

L—oo
The convergence to the limiting capacity in (7) is exponen-
tially fast in L. By defining the exponential asymptotic rate of
decay as

F1(Q) £ liminf — log (C(Q") ~ 105 D(@),

we have:

Theorem 111.5 ([3]). Let @ be a square stochastic matrix
in canonical form as in (4). Let @ be the stochastic matrix
obtained by deleting from @ all indices corresponding to S.
Then

~log|A2(Q)] < EL(Q) < —2log [\2(Q)], )

where A2 (Q) denotes the second largest eigenvalue modulus
of the channel matrix Q.

Both bounds are tight. In particular, the upper bound in (9)
istight if Q = Q.

Theorem I11.5 implies that for long, but still finite, cascades
of identical channels, the limiting result of Theorem 111.4 is
meaningful. It also highlights the necessity of a well chosen
intermediate processing.

IV. CAPACITY OF INFINITE CASCADE OF IDENTICAL
CHANNELS WITH OPTIMAL INTERMEDIATE PROCESSING

In this section, we characterize the optimal finite length
intermediate processing for an infinite cascade and establish
connections with the zero-error capacity.

The next theorem shows that for an infinite cascade of
identical DMCs, identical processing at the relays is optimal.
This theorem is crucia as it alows us to optimize over only
one intermediate processing instead of having to optimize
over an infinite sequence of processing {M;}52,. With this,
we show that the optimal identical intermediate processing at
the relays corresponds to using the best zero-error code of
blocklength IV for the channel V. The resulting capacity of
the cascade equals the rate of this zero-error code. The proof
uses a coloring argument originally due to Erdds and Szekeres.

Theorem 1V.1 ([3]). For a cascade of L identical DMCs there
exits an optimal processing M * such that

. .1 .
Jim Cy, (V) = lim NC((M w))

o L—oo

= %logMo(V@)N) < Co(V). (10)

It is interesting to notice that, when L — oo, athough the
source could use encoding schemes of arbitrary complexity
(infinitely many length- NV blocks) the optimal coding strategy
at the source is al'so to employ the zero-error code used at the
intermediate relays.

Finally, notice that any rate strictly below the zero-error
capacity can be achieved with finite blocklength processing
N. This is so because the limit superior in the definition of
zero-error capacity in (2) is atrue limit [9].

V. BOUNDSON Cy, (V)

Since Cy(V') (the ultimate limit for finite V and L — oc)
and C (V) (the ultimate limit for finite L and N — co) might
differ quite substantially, a natural question to ask is what
happens if both N and L are alowed to grow.

In this section, we derive a lower bound for C'y (V') to
show that N = ©(log L) is sufficient to achieve

Cnp(V)>R(a) £ (1—-a)Cy(V)+aC(V), (11)

for al a € [0, 1]. We also derive an upper bound for C'n (V)
to show that of N = ©(log L) is necessary to achieve a rate
R(«) for a € [3,1] for some 5 < 1.

A. Lower Bound

In order to do derive a lower bound on C'n (V), we
choose a possibly suboptimal communication scheme and find
a lower bound on the rate achievable with this scheme. In
particular, we assume that al nodes in the network use the
same inner encoder Mz and the corresponding maximum
likelihood decoder M . This corresponds to using as interme-
diate processing M; = M p Mg for dl i, that is, this scheme
constructs an overall channel between source and destination
equal to Q' = (MrW Mp)~. The source A, uses an outer



code over the channel Q¥ and the destination A; uses the
corresponding maximum likelihood decoder.

Using random coding arguments [10], we know that there
exist good codes (defined by the par (Mg, Mp)) in the
sense that the average probability of error is bounded by
P.(r) < exp (— NE(r)), where E(r) is the random coding
error exponent for the channel V' as a function of the rate r.
We use such agood code as our inner code. Roughly speaking,
with probability (1 — exp(—N E(r)))L the sequence on N
bits sent by the source traverses the L channels and arrives
a the destination without errors. Hence, the average number
of bits delivered error-free to the destination is approximately
r(1—exp(—N E(r)))L. With this scheme we can show:

Theorem V.1 ([4]).

L 1
> 1-— —NFE - —. (12
Cn(V) > Te[rg}gicv)]r( exp ( (r)) N (12)
Furthermore, the RHS of (12) tends to the min-cut capacity
C(V)as N — oc.

B. Upper Bound

We derive here an upper bound for C v ,(V') expressed as a
linear combination of the min-cut capacity C'(V') and of aterm
reminiscent of the limiting capacity - log Mo(V®") derived
in Theorem 1V.1. The basic idea is to decompose V €V the
equivalent channel transition matrix between every pairs of
relays, into a linear combination of two stochastic matrices,
one of which has rank as close as possible to My(V®Y).

Theorem V.2 ([5]). For any stochastic matrix V' and any
integer NV, if there exist two stochastic matrices A y and By,
and 65 € (0,1) such that

VOV v Ax+(-a By ()
then
Cn,.(V) §(1 —(1— 5N)L—1)w
+ (1 — 5N)L_1C'(V). 14

In order to obtain the tightest bound for any given N, A x
should be chosen to have the smallest rank possible. The
choice Ay = A?N does not give the best possible bound
in general [2]. It can be shown [2] that, for any matrix A y
such that (13) holds, we have Co(V) < =+ logrank(Ay). Itis
however not clear whether this inequality becomes an equality
in the limit for N — oo.

It can aso be shown [2] that, if for some N, we find
a decomposition such that rank(Ay) = My(V®Y), then
Co(V) = % logrank(Ay). In this case, the bound in (14) is
tight in the limit as L — oo and the decay of C'n,1.(V) to the
limiting capacity is exponentiadly fast in L. In Theorem 111.5
we showed that if we impose identical processing at the relays,
then the limiting capacity is equal to the logarithm on the
number of eigenvalues of modulus one of Q@ = W M and the
limit is approached exponentiadly fast in L. If rank(Ay) =
My (V®N), then the exponential decay also applies to non

identical processing. This implies that even for long, but not
infinite, cascades the derived limiting result in Theorem V.1
is meaningful. It also highlights the importance of well chosen
intermediate processing.

There exists an interesting connection between the compu-
tation of the minimum rank A 5, an instance of the Set Cover
Problem, and the computation of M, (V®Y), an instance of
the Maximum Independent Set Problem. The relaxations of
those two integer programs are in fact (strong) dual.

VI. SCALING LAWS
In this section we characterize

N*(L,a) £ min {N:Cn.(V) > R(a)},

where R(«) is defined in (11) for « € [0, 1].

The next theorem uses Theorem V.1 to establish that loga-
rithmic growth of Vv with L is sufficient to achieve R(«) for
al for a € [0, 1].

Theorem VI.1 ([5]). For every ¢ > 0 there is a N such that
for all N > N,

1 L
N*(L,a) < i — 1 - 15
(L) < rE[R(ar)ﬂJirsl,C(V)] E(r) & <1 _ R(():")+E> (15)
is sufficient to achieve R(«).

The next theorem uses Theorem V.2 to establish that loga-
rithmic growth of NV with L is sufficient to achieve R(«) for
al a > 3, where j3,, is a non-negative constant.

Theorem V1.2 ([5)]).

1
a—PBm

log(L — 1) —loglog

N*(L > 16
(L.a) > Tiog L (16)
is necessary to achieve R(«) for all
1 —
a>p, Lm logrank(A,,) — Co(V) (17)

C(V) = Co(V) ’
where m is any integer such that the stochastic matrices
A,,, B, and the real-valued constant ¢,, € (0,1) in
the decomposition V@™ = §,, A,, + (1 — §,,) B, satisfies
Llogrank(A,,) < C(V).

The bound in (16) would prove that logarithmic growth
is necessary to achieve all rates above the zero-error ca-
pacity if we could show that lim,, .., 3, = 0, that is,
limpy_ o0 logrank(Apn)/N = Co (V).

Toward showing that logarithmic growth is indeed necessary
to achieve al rates above the zero-error capacity we derive an
upper bound for C'n 1,(V') that deals directly with the mutual
information between the source and the destination. The idea
isto partition the input aphabet into two sets. An upper bound
on the mutua information is obtained by revealing to the
destination to which of the two subsets the input that generated
the observed output belongs to. Providing the destination with
some feedback from the source clearly increases the achievable
end-to-end rate.



Theorem VI.3 (NEW). For every N and L, there exist a
dn,z €10,1] and an ny, r, > 0 such that

1
Cn.o(V)<onrC(V)+(1—0n,1) N log Mo(VEN )4y

where

L 1L L

N L - )
N = HPN,& and 7N = N Z ( H pN,])

=2 0=2  j=0+1

for
PN,L = min P[ZN]
PcePN,L.ZN

where Zy denotes the set of codewords of a rate-optimal
length-IV zero-error code and P ; denotes the set of input
distributions that achieve C'y (V).

Theorem V1.3 would prove that logarithmic growth of N
with L is necessary to achieve all rates above the zero-error
capacity if we could show that § £ sup,~, {pne} < 1.1In
this case in fact, the bound in Theorem V1.3 reduces to

11-—6L
N1-9§

1
SEroWwy + (1 =681 + log Mo(VON) 4

and + 11*_5; — 0asN — oo. Vernifyingthat § < 1 seems quite
hard, as the evaluation of {px,r}~,z requires the knowledge
of PN,L and Zy.

Proving either lim y_, o logrank(Ay)/N = Co(V) or 6 <

1 is on-going work.
VII. THE PENTAGON CHANNEL EXAMPLE

Consider the “ pentagon” channel whose transition matrix V'
and the corresponding graph G(V') are depicted in Figure 2.

x1 U1

I To
T2 Y2
Z3 Y3 xs T3
Ty Ya
Zs5 Y5 T4

Fig. 2. The “pentagon” channel V" and its graph G(V).

For this channel, we have M, (V') = 2 (for example z; and
x5 are non adjacent), My (V%) = 5 (for example (z1, 1),
(x2,3), (v3,25), (x4,22), (v5,24) are non adjacent). It can
be shown [9] that

1

that is, a zero-error code of blocklength 2 is optimal.
Theorem V.1 states that for an infinite cascade of “pen-
tagon” channels

1
Llim Cy,(V)=1log2, and Llim Cyor(V) = §log5.

Moreover, for any other finite N, we can never achieve more
than %log 5. Hence, for an infinite cascade of “pentagon”
channels an intermediate processing of length N = 2 is
optimal if N is restricted to be finite. The optimal limiting
capacity can be achieved by using at al intermediate nodes
and at the source a length-2 zero-error encoder, and at all
intermediate nodes and at the destination a length-2 zero-error
decoder. Notice that in this example, if the intermediate nodes
simply forward the incoming data, then the limiting capacity
is (by Theorem 111.4)

lim C(VE) =log D(V) =logl =0,
L—oo

and this limit is approached exponentially fast with exponent
(by Theorem I11.5 in the case Q = Q)

—2log [A2(V)| = —log(1 — 2p(1 — p) sin®(27/5)),

where p = Prly;41|zi], ¢ = 1,...,5. In other words, interme-
diate processing is necessary if a non vanishing throughput
is to be achieved in a long line network. Even a non-trivial
one-symbol processing suffices to achieve a strictly positive
end-to-end rate.

About the matrix decomposition in Theorem V.2, we can
find rank(A;) = 3 and rank(As) = 8 < rank(A;)? = 9.
This shows that the choice Ay = A?N does not give the
best possible bound for C' 1,(V') in (14) in general. However
B2 > 0, hence we cannot state that logarithmic growth is
necessary in the range o < fs.

VIII. CONCLUSIONS

In this paper, we investigated communication through a
cascade of L. channels, where intermediate nodes can perform
processing on blocks of N symbols. When N is fixed and L
goesto infinity, we showed that the network capacity can never
exceed the zero-error capacity of the underlying channel. On
the other hand, when N — oo the network capacity coincides
with the min-cut capacity. By deriving bounds on the capacity
of finite length cascades, we showed that N = O(log L)
is sufficient to achieve any rate below the min-cut capacity
and necessary to achieve certain rates above the zero-error
capacity. We conjecture that logarithmic growth is actually
necessary to achieve any rate above the zero-error capacity.
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