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1 Introduction

Perfectly matched layers (PMLs) [1] are often used to implement absorbing bound-
ary conditions (ABCs) in the finite-difference time-domain (FDTD) and finite-element
frequency-domain (FEFD) simulations of open-region wave propagation problems. In
this paper, we develop a PML scheme for mesh truncation in the finite-element time-
domain analysis of three-dimensional (3D) open-region electromagnetic scattering and
radiation phenomena. The proposed algorithm can support nonconstant PML parame-
ters within each element, which facilitates the efficient utilization of higher-order vector
basis functions.

2 Formulation

Consider the problem of modeling the electric field E(r, t) generated by J(r, t) in the
presence of an object, with both the source and the object residing in a region Vi. To
formulate a finite-element scheme that permits the computation of E(r, t), a PML is
introduced outside Vi to truncate the computational domain (Fig. 1). The union of the
PML region and Vi is denoted Vo. The surfaces bounding Vi and Vo are denoted by Si

and So, respectively. In the PML region, a conductivity σx is specified for the PML walls
perpendicular to the x axis; similarly, conductivities σy and σz are specified for the PML
walls perpendicular to the y and z axes, respectively. Inside the PML, the field satisfies
the following second-order vector wave equation

εΛ(r, t) ? ∂2
t Ẽ(r, t) + ∇× (µΛ)−1(r, t) ?∇× Ẽ(r, t) = 0 (1)

where ? stands for temporal convolution, Ẽ(r, t) denotes the stretched electric field [2]
given by

Ẽ(r, t) =

[(

1 +
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ε
∂−1

t

)
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ε
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(2)
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Figure 1: Illustration of solution domain truncated by PML.

with ∂−1

t denoting temporal integration, and Λ(r, t) is the time-domain counterpart of
the diagonal tensor

Λ = x̂x̂

(

SySz
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)

+ ŷŷ

(
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+ ẑẑ

(

SxSy

Sz

)

(3)

in which Sξ (ξ = x, y, z) are the stretching variables given by

Sξ = 1 +
σξ

jωε0
ξ = x, y, z. (4)

To seek the TDFEM solution of (1), we employ Galerkin’s method to convert (1)
into a matrix equation. Assuming a Dirichlet boundary condition on So, the weak-form
solution satisfies

∫∫∫

Vo

{εNi(r) · Λ(r, t) ? ∂2
t Ẽ(r, t) + ∇× Ni(r) · (µΛ)−1(r, t) ?∇× Ẽ(r, t)

+ Ni(r) · ∂tJ(r, t)} dV = 0 (5)

where Ni(r) denotes the vector basis function. Expanding the stretched electric field as

Ẽ(r, t) =
N
∑

j=1

uj(t)Nj(r) (6)

with N denoting the total number of expansion functions, and assuming that conductiv-
ities σx, σy, and σz are constant within each element, the following ordinary differential
equation is derived

M
∑

e=1



Te d
2u

dt2
+ Te

p

du

dt
+ Te

qu+ Seu+
∑

ξ=x,y,z

Se
ξψξ +

∑

ξ=x,y,z

Te
ξψξ + f e



 = 0. (7)

Here, M denotes the total number of finite elements, Te, Te
p, Te

q, Se, Se
ξ, and Te

ξ

(ξ = x, y, z) are square matrices whose expressions can be identified from (5), u =
[u1, u2, . . . , uN ]T is the unknown vector, f e is the excitation vector, and ψξ (ξ = x, y, z)
are vectors that can be expressed as

ψξ(t) = σξ/εe
−σξt/εū(t) ? u(t) ξ = x, y, z (8)
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Figure 2: Scattering from a dielectric sphere of radius 0.47 m and a relative permittivity
8.0. (a) Electric field Ex at r = 0.71x̂ + 0.31ŷ − 0.22ẑ m (The normalized RMS error
is 0.79%). (b) Electric field E · t at r = 0.0035x̂ − 0.003ŷ − 0.67ẑ m with t = 0.97x̂ +
0.22ŷ − 0.056ẑ (The normalized RMS error is 1.2%).

in which ū(t) denotes the unit step function. The above convolution can be recursively
evaluated as described in [3] without the need to store fields of all past time steps.
Second-order accuracy is ensured by adopting a linear interpolation for the fields within
each time step.

The assumption used in deriving (7) that σξ (ξ = x, y, z) be constant within each
element can be removed although the formulation is more involved. It then remains
to choose the proper spatial and temporal discretization schemes. For the spatial dis-
cretization, the unknown fields can be expanded using edge elements, higher-order edge
elements, or orthogonal vector basis functions. For the temporal discretization, we can
employ the central difference scheme, the backward difference scheme, and the Newmark
method. In this work, both zeroth- and higher-order vector elements are used to expand
the unknown field. The Newmark method is employed for temporal discretization.

3 Numerical Examples

An example considered here is a dielectric sphere of radius 0.47 m. The PML has a
thickness of 0.3 m, and is placed 0.5 m away from the surface of the dielectric sphere.
The computational domain is divided into 2,633 tetrahedra, yielding 15,556 unknowns
with the use of the first-order vector basis functions. The incident pulse is a Neumann
pulse with a maximum incident frequency of 600 MHz. The calculated electric fields at
r = 0.71x̂ + 0.31ŷ − 0.22ẑ m and r = 0.0035x̂ − 0.003ŷ − 0.67ẑ m are shown in Fig.
2. The proposed TDFEM–PML scheme correctly characterizes the multiple interactions
among the multiply reflected and creeping waves. The simulation results agree very well
with the theoretical data.

Next, we simulate a conducting cube with a side-length of 1 m. The PML is of
thickness 0.3 m, and is placed 0.5 m away from the conducting surface. The Neumann
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Figure 3: (a) Backscattered far-field 4πrE far
φ versus time. (b) Backscatter RCS versus

the electrical size of the conducting cube (a = 1 m).

pulse is normally incident upon the cube. The entire computational domain is subdivided
into 6,278 tetrahedra, yielding 42,994 unknowns with the use of first-order vector basis
functions. The calculated far-field temporal signature is shown in Fig. 3(a) and the
backscatter RCS is plotted in Fig. 3(b) versus the electrical size of the cube. The
numerical simulation agrees very well with the measured data.

4 Conclusion

This paper presented an algorithm for realizing PMLs in the TDFEM-based simulation
of 3D open-region electromagnetic scattering and radiation problems. The formulations
are based on the vector wave equation in an anisotropic and dispersive medium. By
allowing for the variation of the PML parameters within each finite element, the proposed
algorithm can also make efficient use of higher-order vector basis functions. Numerical
examples demonstrated that the proposed PML algorithm is sufficiently accurate and
constitutes a viable alternative to the boundary integral-based schemes for the mesh
truncation of open-region scattering and radiation problems.
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