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Acceleration of the Convergence of Series Containing
Mathieu Functions Using Shanks Transformation

Danilo Erricolo, Member, IEEE

Abstract—A modification of the standard application of Shanks
transformation is shown to improve the convergence rate in certain
cases where the straightforward application of Shanks transforma-
tion fails. Here, the straightforward application of Shanks trans-
formation to a well known series expansion containing Mathieu
functions failed to improve the convergence rate. However, conver-
gence was achieved by a new method of applying Shanks transfor-
mation. This new method requires analysis of the behavior of the
series terms to determine the cause of the slow or failing conver-
gence. Then Shanks transformation was applied only to the slowly
convergent part of the series. This work is important because with
this new method convergence may be achieved in cases where the
standard application of Shanks transformation fails to improve the
converge rate.

Index Terms—Boundary value problems, convergence rate,
Mathieu function, series acceleration, Shanks transform.

I. INTRODUCTION

SERIES acceleration techniques are used in many applica-
tions. There is no general acceleration method that works in

all cases, but rather different methods are successful depending
upon the particular case [1]. Among various acceleration tech-
niques, the method of Shanks transformation has proven to be
helpful in accelerating the convergence of a series by elimi-
nating the most pronounced transient behavior of the sequence
of partial sums. An attractive feature of Shanks transformation
is that it is easy to apply. Unfortunately, there are situations
where its straightforward application does not increase the con-
vergence rate. Here, one such situation, a series expansion of a
well-known function, is examined. This work is novel because it
shows how to modify the application of Shanks transformation
so that the convergence rate may be accelerated for situations
where its direct application fails. This method is not expected to
guarantee convergence in all cases, but it has been successfully
applied to the series expansions computed in [2] where the di-
rect application of Shanks transformation failed and is important
in applications such as the computation of solution of boundary
value problems.

II. CASE STUDY: THE EXPANSION OF A CYLINDRICAL WAVE

IN A SERIES OF MATHIEU FUNCTIONS

In some electromagnetic problems, the geometry is best de-
scribed using elliptic coordinates. With this coordinate system,
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Mathieu functions constitute the natural choice for the basis
functions. This is the case, for example, of a line source that
radiates toward either an elliptic cylinder [3] or a plane with
an infinite slot containing a semielliptical cavity [4]. In these
problems, the solutions for the scattered fields may be expressed
as series expansions containing Mathieu functions because it is
easy to apply the boundary conditions along the coordinate sur-
faces and then determine the unknown fields by mode matching.
The resulting series are usually absolutely convergent but in
some cases their convergence is slow, and, therefore, the use
of an acceleration technique is required. Let us now consider an
example of such a behavior.

Assuming a plane geometry, suppressing the time-dependent
factor , a cylindrical wave coming from a line source
located at ( , ), with wavevector , is written

(1)

where is the Hankel function of second kind of order zero
and is the distance between the observation point ( , ) and
( , ), i.e.,

(2)

Consider then an elliptic coordinate system with foci located at
, i.e., with focal distance . The relationship between

elliptic coordinates ( , ) and Cartesian coordinates ( , ) is

(3)

(4)

The Hankel function (1) line is expressed as a series expansion
of Mathieu functions as

(5)

where ( , ) are the elliptic coordinates corresponding to ( ,
), ( , ) those corresponding to ( , ) and where is

the smaller (larger) between and . The parameter is given
by . Series (5) contains the angular Mathieu functions

, , which are periodic functions of , with even parity
for and odd for . The functions , , ,
and are the radial Mathieu functions that have even parity
for and odd parity for . Series (5) requires that the
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TABLE I
CASE STUDY PARAMETERS

Mathieu functions be normalized according to Stratton’s defi-
nition, which is reported in [5] and [6], together with the defini-
tions of the normalization coefficients and . Further
details about the computation of the Mathieu functions are given
in the Appendix.

In some situations, series (5) may become slowly convergent.
This case study analyzes one such situation for the values of the
parameters that are given in Table I, which, in particular, gives
the sum of series (5). Table II shows the values of some of the
first 19 terms of the series together with the corresponding par-
tial sums. It is clear from Table II that when the real part
of has converged to the reference value, while the imaginary
part has not. When , the imaginary part of moves
further away from the reference value. Therefore, the reason for
the slow convergence of (5) is due to the behavior of the imagi-
nary part of each term of the expansion. In order to increase the
convergence rate of series (5), one may apply Shanks transfor-
mation [7], [8] to this series. Shanks transformation is applied
as follows. Consider a series of the form

(6)

with partial sums given by

(7)

Shanks transformation consists in creating a table with the fol-
lowing entries:

(8)

where

(9)

(10)

The even-order terms are Shanks transforms of order
approximating , while the odd-order term are

merely intermediate quantities. The algorithm is stopped when
the following convergence criterion is satisfied:

(11)

One may also check that three successive values of
, , satisfy (11) to

ensure that the process is not stopped prematurely.
When Shanks transformation is applied to the terms of

Table II, the result is shown in Table III. Column
simply represents the partial sums, according to (9), and does
not add anything new. However, the intermediate quantities

contain diverging terms since the denominator of (10)
is numerically zero. This happens because the imaginary part
of successive terms in Table II undergo large variations of
many orders of magnitude, which causes successive values
of Imag to be numerically identical. Additionally, when

, Imag can still have large values, on the order of
when . In contrast, the exam of the real part of column

of Table II shows that when , successive terms of
introduce variations that make Real change by no more
than in absolute value. Because the slow convergence
appears related to the behavior of Imag , this suggests that
Shanks transformation can be applied in the following way.
Series (5) can be split into its real and imaginary parts as

Real (12)

so that . Then Shanks transformation is ap-
plied only to the imaginary part of column of Table II. When
this is accomplished, one obtains the results shown in Table IV.

One observes that the same problem previously encountered
with the entries of Table III is repeated here. In fact,
some terms of the intermediate columns of odd order, such as

, , diverge for the same reason encountered be-
fore. In order to eliminate the numerical zero at the denominator
of (8), one still needs to operate only on the imaginary part of

. Because the sequence of Imag alternates values which
are large and small in absolute value, the sequence Imag
may be split in even- and odd-order terms:

(13)

When one accomplishes this split, the two series at the right
hand side of (13) do not show the alternating behavior of large
and small terms, in absolute value, that caused the lack of con-
vergence. After having preprocessed series (5) according to (12)
and (13), the corresponding results are collected in Tables V
and VI. One can see that now convergence is achieved with

. Therefore, the sum of series (5) is approximated
with

Real

(14)

Finally, one may ask why the imaginary part of series (5)
contains such a strong oscillating behavior. The answer stems
from the definition of Mathieu functions. All Mathieu functions
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TABLE II
PARTIAL SUM FOR THE CYLINDRICAL WAVE EXPANSION

TABLE III
SHANKS TRANSFORMATION APPLIED TO THE CYLINDRICAL WAVE EXPANSION

TABLE IV
SHANKS TRANSFORMATION APPLIED TO THE IMAGINARY PART OF THE CYLINDRICAL WAVE EXPANSION

TABLE V
SHANKS TRANSFORMATION APPLIED TO THE EVEN TERMS OF THE IMAGINARY PART OF THE CYLINDRICAL WAVE EXPANSION

TABLE VI
SHANKS TRANSFORMATION APPLIED TO THE ODD TERMS OF THE IMAGINARY PART OF THE CYLINDRICAL WAVE EXPANSION

, are defined as series of Bessel functions that
are well behaved. The Mathieu functions and are
defined as:

(15)

(16)

where , contain Bessel functions which are sin-
gular at the origin. The slow convergence of the example consid-

ered here is caused by the relatively small value for the argument
of the functions and .

III. CONCLUSION

A slowly convergent series was considered for which the
direct application of Shanks transformation did not improve
its convergence. However, by examining the behavior of the
terms of the series, that part of the series that converged slowly
was isolated. Then, Shanks transformation was applied only
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to the slowly convergent part and convergence was achieved.
This modification to the application of Shanks transformation
may achieve convergence where its straightforward application
fails. There are many other cases involving series expansions
containing Mathieu functions that behave similarly to the one
discussed here, for example, those given in [2].

APPENDIX

The author has used, in part, some Fortran subroutines con-
tained in [9] to compute the necessary Mathieu functions. The
notation used in [9] is the one of Goldstein-Ince, which differs
from Stratton’s notation [5], [6] used here. Therefore, some clar-
ifications are necessary for computational purposes. The sub-
routines given in [9] compute the even angular functions ,
the odd angular functions , the even radial functions
and the odd radial functions .The necessary relationships
are

(17)

(18)

(19)

(20)
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